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System & black-box model

f(x,u) €R
g(x,u) € R™

xeX

veu Black-box functions f and g

The x are the deterministic inputs

The u are uncertain inputs : u = U(w) with U a random vector of density py

f is the objective function to minimize

g is the constraint function defining the constraint to respect : g <0
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Optimization problem

Robust optimization problem
x* = arg min E[f(x, U)]
X

s.t. [P[g(x, U) < 0] > Ptarget

Annexes
[e]

(1)

Deterministic strategy

x* = arg min F(x)
X

st. G(x) <0

o Goal Oriented Sensitivity Analysis to reduce the input dimension : Spagnol 2020

o Huge evaluation cost of F and G
@ What about the U?

)

How to quantify the impact of the uncertain inputs U on the

optimization ?
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Toy function

Toy function from [El-Amri et al. 2021]

V(x,u) € [-5,5]* g(x,u) = —x? +5x0 —ug + 12 — 1
My = {x € [-5,5]%, g(x, u) < 0}
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up fixé

ul=-5 u2=0
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Subproblem : Excursion sets

Excursion sets |
New output :

Ny ={xe X, g(x,U) <0}, 3)
which is called a random excursion set.
Influence of the uncertain inputs U on 'y 7 = SA on excursion sets.

Yet most SA techniques have scalar or vectorial outputs.
How then can we do sensitivity analysis on (excursion) sets ?

@ SA on sets using universal indices from Gamboa et al. 2021
@ SA on sets using random set theory notably Vorob’ev expectation and deviation

o SA on sets using RKHS theory
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Distribution embedding into a RKHS

.'u-{.l") = .*.‘—x[k['. X)]

X o P
(@) =By [k(-, V)]
¥ O

h‘ e (P — (@)

Distance between distributions as expectation of kernels, Gretton et al. 2006

7% (P, Q) = [lup — pall3s, = Ex x/up k(X X)) + k(Y, Y') = 2k(X, Y)]
Y,Y' ~Q
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From a distance between distributions to sensitivity indices

MMD-based index, daVeiga 2021

Si i =Ex,[72(Py, Py x;)]
= Ex;Eenpy x Eeropy . [k(&,€)] — Eypy Eyrop, [k(Y, Y]
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HSIC-based index, Gretton et al. 2006

HSIC(Xi, Y) : = 7;(Px,,v,Px, ® Py)
= Ex, xt v,y kx(Xi, X )k(Y, Y)
+Ex; x; ke (Xi, X )Ey y k(YY)
= 2[EX;,Y[[EXI.’ kax (X, XDEy k(Y, Y]

with (X!, Y’) an independent copy of (X, Y).
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SA on sets : a kernel between sets

Proposition (A kernel between sets, Balanga et Herbin 2012)

The function kset : F(X) X F(X) — R defined by
o? rar’
VLT € F(X), keet(T,T') = 5e—*“( ),

is positive definite for any positive scalars o and \.

Annexes
[e]

Gamma_u for u = (-5,0) gamma_afora=6

4 2 0 2 4 4 2 0 2 4
x1 x1
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SA on sets : a kernel between sets

Proposition (A kernel between sets, Balanga et Herbin 2012)

The function kset : F(X) X F(X) — R defined by
o? rar’
VLT € F(X), keet(T,T') = 5e—*“( ),

is positive definite for any positive scalars o and \.

Gamma_u for u = (-5,0)
and square of sidea=6
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Estimation with set-valued outputs

Ekeet(T,T') = E[e—#(TAT))] (4)
= E[eHltrar XN with X ~ U(X) (5)
n .
1 3 o) e S 1) a0y (X)) (6)
n
j=1

Proposition (Quadratic error)
With the previous notations, using Rainforth et al. 2018, we have

n 2
1 _ 1 Ny . (X 1 1
E =3 %5 tiar0®™) _Ek(r,1') | =0+ ).  (7)
n = n Ny

Noé Fellmann Kernel-based itivity lysis on sets ETICS 2022 11 / 18




© Kernel-based Sensitivity Analysis on sets
o Kernel-based Sensitivity Analysis
o A kernel between sets
o Estimation

© Tests on excursion sets
@ Toy function
@ Oscillator



Introduction Kernel-based Sensitivity Analysis on sets Tests on excursion sets Annexes
00000 00000 O@0000 o]

Toy function, EI-Amri et al. 2021

Vx, u € [-5,5]% x [-5,5]2 g(x,u) = —xZ +5x0 — ug + uf — 1. (8)
My ={x € &,g(x,U) <0}, (9)
Index HSIC-based index | MMD-based index
s1 0.086 0.071
S2 0.278 0.478
1- (51 + 52) 0.451

Table — Kernel-based indices on the toy function g
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Test case : oscillator, Cousin 2021

gi(x,u) =uy — max V' (x1 + u1,x2 + uz, up; t),
telo,T]

g2(x,u) = u, — max V'(x1 + u1,x2 + Uz, up; t),
tefo,T]

with ) the solution of the harmonic oscillator defined by :
(a + un)V(t) + upY' (1) + (2 + w2)V(t) = n(t).

Constraints Index Uq Us Up U, Up,
MMD | 0.041 | 0.002 | 0.012 | 0.485 | 0.000
& MMD7 | 0.427 | 0.153 | 0.340 | 0.932 | 0.000
MMD | 0.056 | 0.000 | 0.000 | 0.000 | 0.450
& MMD7 | 0.548 | 0.008 | 0.031 | 0.000 | 0.948
MMD | 0.034 | 0.000 | 0.003 | 0.125 | 0.114
(g1, 82) MMD7 | 0538 | 0.115 | 0.248 | 0.587 | 0.581

Constraints et Us U Up Un Ur,
g1 0.099 | 0.009 | 0.038 | 0.723 | 0.005
22 0.150 | 0.003 | 0.002 | 0.003 | 0.694
(g1, 82) 0.164 | 0.008 | 0.028 | 0.488 | 0.472

Table — MMD and HSIC-based indices on the oscillator case
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To conclude

o Develop other sensitivity indices on sets

o Incorporate such method inside an optimization




ﬁ El-Amri, Reda et al. (2021). A sampling criterion for constrained Bayesian
optimization with uncertainties. arXiv : 2103.05706 [stat.ML].

@ Balan¢a, Paul et Erick Herbin (jan. 2012). “A set-indexed Ornstein-Uhlenbeck
process”. In : Electronic Communications in Probability 17.none. doi :
10.1214/ecp.v17-1903. url : https://doi.org/10.1214)2Fecp.v17-1903.

@ Cousin, Alexis (oct. 2021). “Chance constraint optimization of a complex
system : Application to the design of a floating offshore wind turbine”. Theses.
Institut Polytechnique de Paris. url :
https://tel.archives-ouvertes.fr/tel-03500604.

ﬁ daVeiga, Sébastien (jan. 2021). “Kernel-based ANOVA decomposition and
Shapley effects - Application to global sensitivity analysis”. working paper or
preprint. url : https://hal.archives-ouvertes.fr/hal-03108628.

Gamboa, Fabrice et al. (ao0it 2021). “Sensitivity analysis in general metric
spaces’. In : Reliability Engineering and System Safety. doi :
10.1016/j.ress.2021.107611. url :
https://hal.archives-ouvertes.fr/hal-02044223.

@ Gretton, Arthur et al. (2006). “A Kernel Method for the Two-Sample-Problem™.
In : Advances in Neural Information Processing Systems. T. 19. MIT Press. url :
https://proceedings.neurips.cc/paper/2006/hash/
e9fb2eda3d9c55a0d89c98d6c54b5b3e-Abstract .html.

@ Rainforth, Tom et al. (23 mai 2018). On Nesting Monte Carlo Estimators.
arXiv : 1709.06181 [stat]. url : http://arxiv.org/abs/1709.06181.

Noé Fellmann Kernel-based itivity lysis on sets ETICS 2022 16 / 18



https://arxiv.org/abs/2103.05706
https://doi.org/10.1214/ecp.v17-1903
https://doi.org/10.1214%2Fecp.v17-1903
https://tel.archives-ouvertes.fr/tel-03500604
https://hal.archives-ouvertes.fr/hal-03108628
https://doi.org/10.1016/j.ress.2021.107611
https://hal.archives-ouvertes.fr/hal-02044223
https://proceedings.neurips.cc/paper/2006/hash/e9fb2eda3d9c55a0d89c98d6c54b5b3e-Abstract.html
https://proceedings.neurips.cc/paper/2006/hash/e9fb2eda3d9c55a0d89c98d6c54b5b3e-Abstract.html
https://arxiv.org/abs/1709.06181 [stat]
http://arxiv.org/abs/1709.06181

@ Spagnol, Adrien (juill. 2020). “Kernel-based sensitivity indices for
high-dimensional optimization problems”. Theses. Université de Lyon. url :
https://tel.archives-ouvertes.fr/tel-03173192.

Noé Fellmann Kernel-based itivity lysis on sets ETICS 2022 17 / 18



https://tel.archives-ouvertes.fr/tel-03173192

Introduction Kernel-based Sensitivity Analysis on sets Tests on excursion sets Annexes
00000 00000 000000 [ )

Random set distribution embedding

Proposition (Capacity functional)
The capacity functional of a random closed set I' denoted Ty is defined by :

K(Xx) — [0,1]

0 K = PINK#D). (13)

Proposition (Embedding of random sets distribution into a RKHS)

Let T be a random closed set on a topological space X. Let Tr be its capacity
functional. With k a measurable and bounded kernel on F(X), Tr can be embedded
as

Tr — pr = E[k(T, )] (14)
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