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Introduction (en français)

Contexte de la thèse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

En une phrase, le sujet de cette thèse est de développer des méthodes d’analyse de sensibilité pour
faciliter l’optimisation bayésienne de boîtes noires coûteuses sous contraintes et en présence d’entrées
incertaines. Ce travail est motivé par deux applications industrielles principales : l’optimisation
d’une éolienne flottante et la conception de moteurs électriques. Dans la suite, nous nous appuierons
sur le cas de l’éolienne flottante pour illustrer et expliquer chacun des termes du sujet.

Bien que le terme boîte noire fasse penser aux enregistreurs de données de vol dans les avions, il
désigne ici un modèle numérique décrivant n’importe quel système composé d’entrées et de sorties.
Il est représenté par une boîte aux "parois noires" (voir Figure 1) pour signifier que sa particularité
est d’avoir un fonctionnement interne inconnu et inaccessible. L’utilisateur peut uniquement fournir
des entrées au modèle et récupérer des sorties. Ces modèles se sont démocratisés notamment par
l’essor des méthodes d’apprentissage et de l’intelligence artificielle dont les modèles sont souvent
vus comme des boîtes noires parce que leur complexité les rend difficilement interprétables. Dans
certains cas, les modèles sont aussi volontairement considérés comme des boîtes noires lorsque leur
fonctionnement est privé ou doit être protégé. Par exemple, la conception d’une éolienne flottante
peut être modélisée par un simulateur numérique, vu comme une boîte noire. Elle prend en entrées
des paramètres de conception et des paramètres environnementaux et produit des sorties d’intérêt
telles que la production d’énergie, le coût, l’impact environnemental, après un temps de calcul
potentiellement très long.

L’utilisation d’une boîte noire modélisant un système ouvre la porte à la recherche de la con-
figuration optimale de paramètres d’entrée, c’est-à-dire celle induisant les meilleures sorties. Cette
optimisation se traduit par la maximisation ou minimisation de quantités d’intérêt, appelés fonc-
tions objectives. Pour l’éolienne flottante, on peut par exemple chercher à concevoir une structure
qui maximise la production d’énergie tout en minimisant le coût et l’impact environnemental. Dans
cette thèse, nous ne considérerons qu’une seule fonction objective scalaire à minimiser, notée f .

En plus de maximiser ou de minimiser des quantités, des sorties doivent également vérifier
des conditions, modélisées par des seuils à atteindre ou à ne pas dépasser sur des fonctions de
contraintes. Par exemple, la vitesse de rotation du rotor de l’éolienne doit être limitée. Dans
le cas de plusieurs sorties à optimiser simultanément, il est aussi courant et plus commode d’en
désigner certaines comme contraintes. Par exemple, on peut choisir de construire une éolienne avec
un impact environnemental limité, plutôt que de chercher à le minimiser. Dans notre cas, nous
considérerons s contraintes scalaires définies par gi ≤ 0 pour 1 ≤ i ≤ s qu’on notera g ≤ 0 lorsque
toutes les contraintes sont respectées.

Cette optimisation sous contraintes peut être réalisée avec des méthodes classiques qui nécessi-
tent souvent de nombreuses évaluations de f et g. Dans le cas de boîtes noires coûteuses, c’est-à-dire
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x ∈ X ⊂ Rd

U ∈ U ⊂ Rp

U ∼ PU

f(x, U) ∈ R

g(x, U) ∈ Rs

Figure 1: Schéma d’une boîte noire où x et U sont les entrées de conception et les entrées incertaines et f et g sont la
fonction objective et les fonctions de contrainte

où une seule évaluation de f et g nécessite un temps conséquent, ces approches ne sont pas envisage-
ables. Pour limiter grandement le nombre d’évaluations de f et g, des méthodes d’optimisation ont
été adaptées donnant notamment naissance à l’optimisation bayésienne sur laquelle nous allons nous
concentrer dans cette thèse. Elle s’appuit sur un modèle peu coûteux appelé méta-modèle, construit
à partir d’un faible nombre d’évaluations de f et g en des points déterminés séquentiellement via
des critères d’acquisition bien choisis.

Bien que déjà complexe, l’optimisation peut le devenir encore plus en présence d’incertitudes.
Elles peuvent porter sur les entrées de conception, qui sont notées x = (x1, ..., xd), comme l’incer-
titude de fabrication des dimensions d’un composant. Mais une grande partie de l’aléa provient
d’entrées environnementales qui sont intrinsèquement aléatoires souvent liés à des phénomènes
météorologiques, tels que la vitesse du vent ou la hauteur de houle dans le cas de l’éolienne flot-
tante. Ces entrées incertaines sont modélisées par un vecteur aléatoire U = (U1, ..., Up) de loi
connue PU . Les sorties héritent alors de l’aléa des U et il devient nécessaire de définir comment
minimiser une fonction objective tout en respectant des contraintes lorsque celles-ci sont aléatoires.
Dans cette thèse, on cherchera à minimiser la moyenne de la fonction objective tout en ayant une
probabilité de satisfaire les contraintes au dessus d’un seuil α. Ce problème d’optimisation robuste
est défini par la recherche de la configuration d’entrées de conception optimale x∗ définie par

x∗ = arg min
x∈K

E[f(x, U)] où K = {x ∈ X , P[g(x, U) ≤ 0] ≥ α}, (1)

où X ⊂ Rd est l’espace des entrées de conception.
Pour gérer ces incertitudes qui complexifient grandement le problème, des méthodes d’optimisa-

tion bayésienne ont été adaptées. Elle sont cependant grandement complexifiées par une augmen-
tation de la dimension d’entrée c’est-à-dire du nombre d’entrées. Heureusement, un grand nombre
d’entrées implique souvent que certaines ne sont pas essentielles pour résoudre le problème d’opti-
misation. Par exemple, la couleur de l’éolienne n’est probablement pas le facteur le plus significatif
sur la production d’énergie, au contraire de la vitesse du vent ou de la longueur des pâles. Il est
alors crucial de comprendre comment chaque entrée affecte les sorties afin de faciliter le processus
d’optimisation en se concentrant sur les entrées importantes. Dans un contexte de boîtes noires,
cette connaissance des entrées importantes peut être obtenue en mesurant la sensibilité des sorties
aux entrées, domaine de l’analyse de sensibilité.

Cette thèse vise alors à étudier comment l’analyse de sensibilité peut être utilisée pour faciliter
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l’optimisation bayésienne sous contraintes et en présence d’entrées incertaines de boîtes noires
coûteuses.

Travaux existants et objectifs de la thèse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Dans [17] et [157], des méthodes d’analyse de sensibilité permettent de réduire la dimension avant
l’optimisation (bayésienne ou non). Dans le cas de l’optimisation bayésienne, les auteurs de [156]
proposent une réduction de dimension par analyse de sensibilité à chaque itération de l’optimisation.
La grande différence entre ces approches et le sujet de cette thèse est qu’elles ne considèrent pas
la présence d’entrées incertaines et ne mesurent que l’influence des entrées de conception sur une
optimisation déterministe. L’objectif principal de la thèse est alors d’adapter les approches de [157]
et [156] à la présence d’entrées incertaines.

Cette adaptation soulève une question majeure de la thèse qui est celle du rôle des entrées
incertaines dans l’optimisation robuste. Quelle influence des entrées incertaines sur le problème
d’optimisation robuste une analyse de sensibilité permettrait de mesurer ? Dans cette thèse, nous
proposons de mesurer l’effet des U sur des ensembles d’excursion Γ, qui sont des ensembles d’entrées
de conception x produisant des sorties pertinentes pour l’optimisation, au sens où f est inférieure
à un seuil q et g ≤ 0. Ces ensembles sont définis par:

Γ = {x ∈ X , f(x, U) ≤ q, g(x, U) ≤ 0},

et sont des ensembles aléatoires par le biais des U . Le second objectif de la thèse est alors de proposer
comment réaliser une analyse de sensibilité de ces ensembles d’excursion et plus généralement de
n’importe quel modèle dont les sorties sont des ensembles, sans nécessairement faire de lien avec
l’optimisation. Malgré sa conception initiale pour des modèles scalaires, l’analyse de sensibilité
est une approche qui peut s’adapter à différents types de sorties, comme des vecteurs [87] ou des
fonctions [43]. Cependant, à notre connaissance, son utilisation pour des ensembles en sortie n’a
pas encore été étudiée.

Contributions et structure du manuscrit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pour atteindre ces deux objectifs, le manuscrit commence par un chapitre introduisant les notions
utilisées par la suite. Il présente d’abord le domaine de l’analyse de sensibilité puis celui de l’opti-
misation bayésienne avec et sans entrées incertaines. Les deux domaines sont introduits séparément
puis des travaux qui les mixent sont présentés et servent alors de base pour combiner optimisation
bayésienne en présence d’incertitudes et analyse de sensibilité. Le manuscrit est ensuite séparé en
deux parties, répondant chacun à un des deux objectifs de la thèse.

La première partie vise à répondre à l’objectif de la thèse qui est de quantifier, par une analyse de
sensibilité, l’impact des entrées d’un modèle dont les sorties sont des ensembles. Intitulée Analyse
de sensibilité d’ensembles aléatoires, cette partie est divisée en deux chapitres, chacun étant un
article de recherche rédigé au cours de la thèse. Les articles ont été inclus sans modification, ce qui
peut entraîner quelques répétitions et des différences de notation. Le premier article, publié dans
la revue Technometrics, propose une approche basée sur des méthodes à noyaux pour effectuer
une analyse de sensibilité des ensembles d’excursion. Le deuxième article, publié dans la revue
Quality and Reliability Engineering, est motivé par l’étude d’ un modèle dont les sorties sont des
cartes de concentration de polluants. L’objectif est de proposer des outils pour mesurer l’impact
des paramètres d’entrée sur les cartes de sortie qui sont vues comme des ensembles. L’approche
présentée dans le premier article, accompagnée de deux autres approches d’analyse de sensibilité
d’ensemble aléatoires, sont testées et comparées sur ce modèle.
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Dans la deuxième partie de la thèse, l’optimisation bayésienne robuste est l’objectif principal.
Cette partie n’a pas encore été soumise à publication, mais a pour vocation de constituer un
futur article. Dans cette section, nous nous concentrons sur un algorithme existant d’optimisation
bayésienne robuste nommé EFISUR introduit dans [33] qui permet de résoudre efficacement des
problèmes d’optimisation robuste sous contraintes. Cependant, EFISUR est sujet à des limitations
significatives à mesure que la dimension d’entrée augmente. C’est pourquoi, nous proposons de
l’adapter en incorporant des étapes d’analyse de sensibilité pour atténuer les effets de l’augmentation
de la dimension. Un premier chapitre est consacré aux développements méthodologiques et présente
des algorithmes décrivant différentes façons d’incorporer l’analyse de sensibilité dans EFISUR. Le
deuxième chapitre est une étude numérique des algorithmes proposés, testés et analysés sur des
fonctions jouets puis appliqués à un cas test réel.

Pour finir, une conclusion synthétise les principales contributions de la thèse et présente des
perspectives de recherche.
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Introduction (in English)

Thesis context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In one sentence, the subject of this thesis is to develop sensitivity analysis methods to facilitate
Bayesian optimization of costly black-boxes under constraints and with uncertain inputs. This work
is motivated by two main industrial applications: the optimization of a floating wind turbine and
the design of electric motors. In the following, we will focus on the floating wind turbine case to
illustrate and explain each term of the subject.

While the term black box commonly refers to the flight data recorders in airplanes, here it refers
to a numerical model that represents any physical system that can be viewed through inputs and
outputs. It is represented as a box with "black walls" (see Figure 2) to emphasize its property
of having an unknown and inaccessible inner working. The user can then only provide inputs
to the model and retrieve outputs. These models have been democratized by the rise of machine
learning and artificial intelligence, which have produced numerous models that are considered black
boxes because their complexity makes them difficult to interpret. In some cases, models are simply
considered black boxes when their inner working needs to be protected. For example, the design
of a floating wind turbine can be modeled by a numerical simulator, which is considered a black
box. It then takes design and environmental parameters as inputs and, after a potentially very long
computation time, produces outputs of interest such as energy production, cost, and environmental
impact.

Using a black box to model a system opens the door to searching for the optimal configuration
of input parameters, i.e., the one that induces the best outputs. This optimization corresponds to
the maximization or minimization of quantities of interest, called objective functions. To return to
the offshore wind turbine, it is a real industrial challenge to design an optimal structure so that
it maximizes the energy production while minimizing the cost and the environmental impact. In
this thesis, we will consider only a scalar function to be minimized, denoted f , called the objective
function.

In addition to maximizing or minimizing quantities, some outputs must also satisfy threshold
conditions. These constraints allow the optimal design to verify essential requirements. For exam-
ple, the speed of the wind turbine rotor must be limited. In the case of multiple outputs to be
optimized simultaneously, it is also common to designate some of them as constraints. For example,
one might choose to build a wind turbine with a limited environmental impact, rather than aiming
to minimize it. In our case, we will consider s scalar constraints defined by gi ≤ 0 for 1 ≤ i ≤ s
and denoted by g ≤ 0 when all constraints are satisfied.

This constrained optimization can be done by classical methods, but often requires numerous
evaluations of f and g. However, these are limited in the case of costly black boxes, i.e. where a
single evaluation of f and g takes a considerable amount of time. This costly optimization context
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x ∈ X ⊂ Rd

U ∈ U ⊂ Rp

U ∼ PU

f(x, U) ∈ R

g(x, U) ∈ Rs

Figure 2: Black-box scheme with x the design inputs, U the uncertain inputs, f the objective function and g the
constraint functions

has given rise to optimization methods that attempt to drastically limit the number of evaluations.
One such method is Bayesian optimization, which we will focus on in this thesis. It uses a surrogate
model built from sequentially selected evaluations of f and g.

Optimizing a costly black-box model under constraints can become even more complex when
potential uncertainties arise. For example, design inputs, denoted x = (x1, ..., xd), often have an
associated uncertainty, such as the manufacturing uncertainty of a component’s dimensions. But
most uncertainties come from environmental inputs that are inherently random. These can be
meteorological parameters, such as wind speed in the case of the wind turbine. Uncertain inputs
are modeled by random variables, denoted U = (U1, ..., Up) of known probability distribution PU ,
and the outputs inherit of their randomness. It is then necessary to define how to minimize the
objective function while respecting the constraints when they both come with uncertainty. In this
study, we will aim to minimize the mean of the objective function while ensuring that the probability
of satisfying the constraint is greater than a given threshold α. This robust optimization problem
can then be defined as

x∗ = arg min
x∈K

E[f(x, U)] where K = {x ∈ X , P[g(x, U) ≤ 0] ≥ α}, (2)

where X ⊂ Rd is the design input space.
Bayesian optimization methods have been adapted to deal with these uncertainties. However,

they are very sensitive to increasing the number of inputs which makes optimization more complex,
if not impossible in a reasonable time. Fortunately, a large number of inputs often means that
some of them are not essential for solving the optimization problem. For example, the color of the
wind turbine may not have a significant effect on energy production, unlike wind speed and blade
length. It is then critical to understand how each input affects the outputs, as this knowledge can
facilitate the optimization process by focusing on the most important inputs. Such knowledge can
be obtained by measuring the sensitivity of the outputs to the inputs, a field known as sensitivity
analysis.

This thesis then aims to study how sensitivity analysis can be used to facilitate expensive black-
box Bayesian optimization under constraints and in the presence of uncertain inputs.
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Existing work and thesis objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In [17] and [157], sensitivity analysis is used for dimension reduction prior to optimization (Bayesian
or not). In the case of Bayesian optimization, the authors of [156] propose dimension reduction by
sensitivity analysis at each optimization iteration. The main difference between their approaches
and the subject of this thesis is that they do not consider the presence of uncertain inputs and only
measure the influence of design inputs on deterministic optimization. The main objective of the
thesis is to adapt [157] and [156] approaches in the presence of uncertain inputs.

This adaptation raises a major question of the thesis, namely the role of uncertain inputs in
robust optimization. What influence of uncertain inputs on the robust optimization problem would
a sensitivity analysis measure? In this thesis, we propose to measure the impact of U on excursion
sets Γ, which are sets of design inputs x that produce optimization-relevant outputs in the sense
that f is below a threshold q and g ≤ 0. These sets are defined as

Γ = {x ∈ X , f(x, U) ≤ q, g(x, U) ≤ 0},

and are random sets. The second objective of this thesis is to propose how to carry out a sensitivity
analysis of these excursion sets, and more generally of any model whose outputs are sets, without
necessarily making a link with optimization. Despite its initial conception for scalar models, sen-
sitivity analysis is an approach that can be adapted to different types of outputs, such as vectors
[87] or functions [43]. However, to our knowledge, its use for output sets has not yet been studied.

Contributions and structure of the manuscript . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

To achieve these two goals, the manuscript begins with a chapter that introduces the concepts used
in the rest of the manuscript. It first introduces the fields of sensitivity analysis and of Bayesian
optimization. The two fields are introduced separately, and then work is presented that mixes them
without uncertainties. It then serves as the basis for combining sensitivity analysis and Bayesian
optimization in the presence of uncertainties. The manuscript is then divided into two parts, each
corresponding to one of the two objectives of the thesis.

The first part addresses the thesis objective of quantifying, through sensitivity analysis, the
impact of inputs to a model whose outputs are sets. Entitled Sensitivity analysis of set-valued
models, it is divided into two chapters, each corresponding to a research article written during the
course of the thesis. The articles have been included without modification, which may result in
some repetitions and notation discrepancies, despite our efforts to maintain consistency between
the two articles. The first article, published in the journal Technometrics, proposes a kernel-
based approach to perform a sensitivity analysis of excursion sets. The second paper, published
in the journal Quality and Reliability Engineering, is driven by a model that produces pollutant
concentration maps. The aim is to propose methods to measure the impact of input parameters
on output maps, seen as sets. The approach presented in the first article accompanied by two
other sensitivity analysis approaches are compared on a toy function and on the model of pollutant
concentration maps.

In the second part of the thesis, we return to robust Bayesian optimization. This section has
not yet been submitted for publication, but will be part of a future article. In this section, we
propose to focus on an existing Bayesian optimization algorithm, called EFISUR, which allows
to efficiently solve robust optimization problems under constraints. However, EFISUR is subject
to significant limitations as the input dimension increases. Therefore, we propose to adapt it by
incorporating sensitivity analysis steps to mitigate the effects of the curse of dimensionality. A
first chapter is devoted to methodological developments based on different ways of incorporating
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sensitivity analysis into EFISUR. The second chapter is a numerical study of the proposed methods,
which are tested and analyzed on toy functions. The algorithms are then tested on a real-life test
case.

A final conclusion provides a synthesis of the main contributions of the thesis and presents
multiple perspectives on the research topic.
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1
Introduction to Sensitivity Analysis andBayesianOp-
timization

1.1 Global Sensitivity Analysis : Sensitivity Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.1.1 Sobol' indices 5
1.1.2 Universal indices 8
1.1.3 Hilbert-Schmidt Independence Criterion 9

1.2 Robust Bayesian Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2.1 Gaussian Process Regression 14

1.2.1.a Noisy GP 15
1.2.2 Bayesian Optimization 16

1.2.2.a Without constraints 16
1.2.2.b With constraints 17

1.2.3 Robust Bayesian Optimization 19
1.2.3.a Without constraints 19
1.2.3.b With constraints: EFISUR 20

1.2.4 Bayesian optimization in high dimension 21
1.3 Goal-oriented Sensitivity Analysis for (Bayesian) Optimization . . . . . . . . . . . . . . . . . . . . . . 22

1.3.1 Goal-Oriented Sensitivity Analysis 22
1.3.1.a Target Sensitivity Analysis 23
1.3.1.b Conditional Sensitivity Analysis 23

1.3.2 Offline and Online Goal-oriented Sensitivity Analysis for Optimization 24

This first chapter is an introduction presenting the fields and the essential notions necessary for
the rest of the thesis. The main goal of the thesis is to study how Sensitivity Analysis (SA) can serve
robust Bayesian Optimization (BO). Therefore, in a first part, the field of sensitivity analysis is
introduced. Then, in a second part, Bayesian optimization is presented with and without uncertain
inputs. Finally, a third part presents studies that mix the two.
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For the first part of the thesis, which develops methods to perform SA on sets, the reader can
only read Section 1.1 for details on the SA tools used. Additional notions on random sets are
presented in the appendix and may also help to understand the first part, but are not strictly
necessary, especially since they are introduced in the corresponding chapters.

Then, the other two sections (1.2 and 1.3), together with the tools of Section 1.1, are necessary for
the second part of the thesis, which mixes robust Bayesian Optimization and Sensitivity Analysis.

1.1 Global Sensitivity Analysis : Sensitivity Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In [134], sensitivity analysis (SA) is defined as the study to determine how possible changes or
errors in parameter values affect the output of the model. Given an input-output modelM defined
by :

M :
∣∣∣∣ X −→ R

x = (x1, . . . , xd) 7−→ M(x1, . . . , xd) ,

SA aims to analyze the sensitivity of output to input variations. In more recent work [144, 26],
the terms changes and errors are replaced by uncertainty to define SA as the study of how the
uncertainty in a model’s output can be apportioned to its inputs. This emphasizes the specificity
of SA for modeling input variation through random variables:

X = (X1, . . . , Xd) ∼ PX ,

which uncertainty is propagated through M to the random output Y :

Y =M(X).

As described in [16], a distinction must be made between local and global SA. Local SA measures
the impact of input variations around a specific value of the inputs (see [14] for a recent review that
includes local SA). On the other hand, Global Sensitivity Analysis (GSA) measures how the output
is affected when the inputs vary across their entire domain (see [143] for an exhaustive presentation
of GSA methods, [70] for a review and [26] for an overview of recent GSA methods along with
practical use in R).

In [26], the authors classify GSA methods into three approaches:

• Screening Methods explore the output behavior on the entire input space through its coarse
discretization. Such methods require a reasonable amount of evaluation of the model, but
give only qualitative information about the influence of the inputs. They can be used for
screening, i.e., to select important inputs and remove negligible ones. The best known are
the Morris methods [109], which consist in discretizing the input space for each variable and
then performing a given number of One At a Time designs, i.e., modifying one input while
the others are fixed.

• Importance Measures or Sensitivity Indices are scalars estimated on a sample of inputs and
outputs and allow to measure quantitatively the influence of the inputs on the output. They
can be used in both screening and ranking, i.e., to rank the inputs according to their influence.

• Deep exploration of sensitivities goes beyond quantitative value and aims to understand the
inputs influence through plots or models. For example, Cobweb (or parallel) plots [83] allow
to visualize inputs influence and interactions.

In this thesis we focus on sensitivity indices. In the next parts we describe three of them in
detail. We start with the most well-known and used sensitivity indices: Sobol’ indices.
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1.1.1 Sobol' indices
Sobol’ indices (originally introduced under the name of sensitivities in [152]) are variance-based
sensitivity indices that can be defined in two different ways. For the sake of understanding, we
explain both.

SOBOL' INDICES AS PART OF OUTPUT VARIANCE The first one directly defines Sobol’ indices as the
part of the output variance for which an input (or group of inputs) is responsible.

Definition 1.1. For i ∈ {1, . . . , d}, first-order Sobol’ indices are defined as

Si = Var [E[Y |Xi]]
Var [Y ] . (1.1)

Since E[Y |Xi] is by definition the random variable, function only of Xi, that best describes Y
(with L2 distance), Si actually measures the portion of the output variance explained by Xi alone.

To define higher order indices, but also for the rest of the manuscript, we denote by A (or B)
subsets of {1, . . . , d} and associated vectors of components in A by XA = (Xi)i∈A, where for only
two components Xi,j = X{i,j}. Used later, we also denote −A = {i ∈ {1, . . . , d}, i /∈ A} such that
X−A is the vector of all the component not in A.

Second order indices Si,j , which measure the effect of interactions between two inputs Xi and
Xj , are then defined as

Si,j = Var [E[Y |Xi,j ]]−Var [E[Y |Xi]]−Var [E[Y |Xj ]]
Var [Y ] ,

where the effect of each input alone, contained in the first-order indices, are removed from Var [E[Y |Xi,j ]].
We can derive the indices of any order |A|, where |A| denotes the cardinality of A. A distinction
must be made with Sobol’ indices of a group of inputs, called closed Sobol’ indices.

Definition 1.2. Let A ⊂ {1, . . . , d},

• Sobol’ indices SA of order |A| are defined as

SA =
∑

B⊂A(−1)|A|−|B| Var (E [Y | XB ])
Var(Y ) .

• Closed Sobol’ indices Sclos
A of a group of inputs A are defined as

Sclos
A =

∑
B⊂A

SB = Var [E[Y |XA]]
Var [Y ] .

SA measures the effect of the interaction of order |A| of the inputs XA, while Sclos
A measures

the effect of a group of inputs together, counting both individual contributions and any order
interactions between members of this group.

Finally, to measure the effect of an input, alone and through its interactions, total-order indices
[67] are defined by summing each index where the input appears:

Definition 1.3. For i ∈ {1, . . . , d}, total-Sobol’ indices are defined by

ST
i =

∑
A⊂{1,...,d}

i∈A

SA.
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To speak of "part of the output variance", all order indices must sum to one. Luckily this is the
case under independence of the inputs.

Proposition 1.1. If X1,. . . , Xd are mutually independent,∑
A⊂{1,...,d}

SA = 1.

This result is based on variance decomposition, also called ANOVA decomposition, or Hoeffding
variance decomposition, or Hoeffding-ANOVA decomposition. It is shown relying on the Hoeffding
decomposition [66].

SOBOL' INDICES FROM A FUNCTIONAL DECOMPOSITION Alternatively, Sobol’ indices can be obtained
from a functional decomposition, as it was first introduced by Sobol’ in [152] (and from which they
get their name). He starts with a functional decomposition of M as the sum of the contributions
of each of the inputs:

M(x) =
∑

A⊂{1,...,d}

MA(xA)

=M∅ +
d∑

i=1
Mi(xi) +

d∑
i<j

Mi,j(xi, xj) + . . . +M1,...,d(x1, . . . , xd),
(1.2)

shown to be unique under the orthogonality condition that,

∀A ⊂ {1, . . . , d}, ∀i ∈ A,

∫ 1

0
MA (xA) dxi = 0. (1.3)

The indices (written here for one input only) can then be derived:

Si =
∫ 1

0 M
2
i (xi)dxi∫

M2(x)dx−M2
∅

.

We retrieve the Sobol’ indices by replacing x in (1.2) with the corresponding random vector that
is marginally uniformly distributed in [0, 1] to obtain a decomposition of Y :

Y =M(X) =M∅ +
d∑

i=1
Mi (Xi) + . . . +M1...,d (X1, . . . , Xd) , (1.4)

where (1.3) implies that:

−M∅ = E[Y ],
−Mi (Xi) = E [Y | Xi]− E[Y ],
−Mi,j (Xi, Xj) = E [Y | Xi, Xj ]− E [Y | Xi]− E [Y | Xj ] + E[Y ],
− . . . ,

−MA (XA) = E [Y | XA]−
∑

B⊂A

MB (XB) = E [Y | XA]−
∑

B⊂A

(−1)|A|−|B|E [Y | XB ] .

Adding the independence assumption and taking the variance of (1.4), we obtain the variance
decomposition leading to Sobol’ indices. If the Xi are not uniformly distributed in [0, 1], simply
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applying the same steps to the uniformly distributed inputs Ui = FXi(Xi), where FXi is the
cumulative distribution function of Xi, leads to the variance decomposition for any independent
inputs.

Sobol’ indices are clearly adapted to ranking by sorting the inputs according to their first or
total index. Screening can also be done, for example, by setting a threshold above which the inputs
are considered influential. However, except in very rare cases of analytically known Sobol’ indices,
they have to be estimated with input-output samples of the model.

PICK-FREEZE ESTIMATION As written in Equation 1.1, estimating Sobol’ indices requires estimating
the variance of a conditional expectation, which can be done with a double-loop estimation using
the classical Monte Carlo method, but which implies a important number of model evaluations.
Already in [152], the double loop is bypassed by freezing inputs. This pick-freeze approach relies
on the result of [153]:

Lemma 1.1. Given Y = f(X), with X ∼ PX , and YA = f(XA, X ′
−A) with A ⊂ {1, . . . , d},X ′ ∼ PX

and X ′ ⊥ X, we have:
Var(E(Y | XA)) = Cov (Y, YA) .

This allows the variance of the conditional expectation estimate to be replaced by an estimate
of a covariance in which the inputs of interest are frozen to compute YA. Then the first-order index
Si is estimated by:

SN,P F
i =

1
N

∑
k Y kY k

i −
( 1

N

∑
k Y k

) ( 1
N

∑
k Y k

i

)
1
N

∑
k (Y k)2 −

( 1
N

∑
k Y k

)2 ,

where Y k = f(Xk) and Y k
i = f(Xk

i , X ′k
−i), with (X1, . . . , XN ) and (X ′1, . . . , X ′N ) independent

i.i.d. N -samples of X [67]. This estimator converges with rate O
(

1√
N

)
as shown in [73] along

with good statistical properties of the estimator. Alternative expressions are proposed in [119, 73,
144]. A weakness of the pick-freeze approach is that it requires N evaluations of f to compute
Y k = f(Xk), plus N additional evaluations for each input Xi to compute Y k

i = f(Xk
i , X ′k

−i). This
leads to a total of N × (d + 1) evaluations, which grows (linearly) with the dimension. In addition,
to construct such a design of experiments, it is necessary to be able to choose the specific points
of the simulation, which is not always possible. For these reasons, much work has been done to
propose better estimates of Sobol’ indices. We focus on a recent rank-based method proposed in
[42], which allows to estimate first-order Sobol’ indices with a single N -sample of (X, Y ).

RANK-BASED ESTIMATION Using a correlation coefficient proposed in [18], the authors of [42] de-
fine rank-based estimation of sensitivity indices. The general idea is to sort the sample of pairs
((X1, Y 1), . . . , (XN , Y N )) according to the order obtained by ranking the i-th component Xi and
derive an estimate of Si. In practice, the rank of each input is defined by a permutation σi such
that

X
σ−1

i
(1)

i ≤ . . . ≤ X
σ−1

i
(N)

i ,

where σi(k) is the rank of Xk
i . Then, the covariance term is estimated using only the pair of

neighbor samples, resulting in rank-based first-order Sobol’ indices:

SN,rank
i =

1
n

∑n−1
j=1 Y σ−1

i
(j)Y σ−1

i
(j+1) + Y σ−1

i
(N)Y σ−1

i
(1) −

(
1
n

∑n
j=1 Y j

)2

1
n

∑n
j=1 (Y j)2 −

(
1
n

∑n
j=1 Y j

)2 .
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With this approach, a single N -sample ((X1, Y 1), . . . , (XN , Y N )) allows to estimate all first-order
indices (but only first-order) with the simple effort of sorting the output according to the induce
rank of each input. Asymptotic properties are studied in [42], notably providing almost certain
convergence and central limit theorem.

SOBOL' INDICESWITH COMPLEX OUTPUTS So far, Sobol’ indices are defined only for scalar output, i.e.,
where f(x) ∈ R. However, it has been adapted for other types of output. For multivariate outputs,
i.e., when f(x) ∈ Rs, [87] introduces Sobol’ indices for vectorial outputs in an empirical way
and [43] properly defines them and studies properties of their estimators. In the end, aggregated
Sobol’ indices correspond to a weighted sum of the Sobol’ indices of each output component,
where the weight corresponds to the proportion of the output variance of that component. Given
Y = (Y1, . . . , Ys) = f(X) and corresponding Sobol’ indices (Si1, . . . , Sis), aggregated Sobol’ indices
are defined as

GSi =
∑s

j=1 Var (Yj) Sij∑s
j=1 Var (Yj) .

In [43], they are extended to functional outputs, where their estimation is similar to the case of
vectorial outputs when truncating an expansion of the output norm. In [59, 71, 98], the case of
stochastic computer code outputs is studied. For set-valued models, adaptations of Sobol’ indices
have not been studied and would require equivalent for expectation and variance but of random
sets.

1.1.2 Universal indices
To deal with any type of output Y ∈ Y of probability distribution PY , where Y is a metric space,
and to generalize existing sensitivity analysis, the authors of [37] introduces universal indices,
generalizing the general metric space sensitivity indices of [45].

Definition 1.4. Let A be a measurable space endowed with the probability measure Q, and let the
test functions T be defined as

A× Y → R
T : a, y 7→ Ta(y).

Assuming that T is L2 with respect to Q ⊗ PY , the universal indices SUniv
i (Ta,Q) are defined for

i ∈ {1, . . . , d} as

SUniv
i =

∫
A Var (E [Ta(Y ) | Xi]) dQ(a)∫

A Var (Ta(Y )) dQ(a) .

These indices consist in measuring the influence of Xi on an output transformations Ta(Y )
through Var (E [Ta(Y ) | Xi]). Then these effects are averaged over all possible transformations
(taking into account their "occurrence" through Q). Like Sobol’ indices, universal indices sum to
1 and are estimated using similar methods such as pick-freeze or rank-based methods as given in
[37].

The use of test functions allows to consider any kind of output. In [37], they are used to handle
computer codes valued in general Wasserstein spaces. Their use for set-valued models has not yet
been explored, but would be possible if test functions are defined on a space of sets.

They are called universal in the sense that they generalize many indices starting from Sobol’
indices with Ta(x) = x and any Q as the sum is one. The universality of these indices comes from
the liberty in the choices of (A,Q, T ). However, some choices may lead to meaningless indices that
don’t measure any interpretable quantity. In [37], it is explained that these choices should be made
so that (Ta(Y ))a∈A characterize enough the distribution of Y . For example, for Sobol’ indices,
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only the effect of the inputs on the second-order moment is measured, which can sometimes be a
poor representation of the output variability. Other types of indices, called moment-independent
sensitivity indices, have been especially developed to measure input impacts through the entire
probability distributions (both of the inputs and outputs). In the next part, we introduce one of
them: the Hilbert-Schmidt Independence Criterion (HSIC).

1.1.3 Hilbert-Schmidt Independence Criterion
The search for moment-independent measures may have started with distribution-based indices of
[122], where an index based on Kullback-Leiber divergence is proposed. Then [21] proposes an
index based on cumulative distribution functions (cdf), to which the popular Borgonovo indices
(based on probability distribution functions) are compared in [13]. Also based on cdf, [44] proposes
Cramer von Mises indices and [128] proposes indices based on Kolgogorov-Smirnoff statistics.

The previous indices can often be written as measures of dissimilarity between Y and Y |Xi to
define an index Sd

i :
Sd

i = E(d(PY ,PY |Xi
)),

where d is the dissimilarity measure, i.e., a function that quantifies how different two mathematical
objects are. Often d varies from 0 for similar objects to +∞ for very different objects. If PY and
PY |Xi

are close, it means that Xi has a small effect on the output variability. There are many types
of dissimilarity measures. Among them, the F-divergence dissimilarity [23] generalizes many of the
previously mentioned indices as explained in chapter 6 of [26].

An (often cheaper) alternative to F-divergence is the use of kernel-based dissimilarity, which
is a special case of integral probability metric dissimilarity. This has led to the Maximum Mean
Discrepancy (MMD)-based indices proposed in [25]. Also based on MMD and kernels, [24] propose
to use the Hilbert-Schmidt Independence Criterion (HSIC), defined in [51], as a sensitivity index.
Instead of measuring a dissimilarity between Y and Y |Xi, they rely directly on measuring the
dependence between Y and Xi. If Xi and Y are strongly dependent, it is interpreted that Xi

strongly affects Y .
To properly introduce HSIC, some details about kernels are needed. We also give them in Section

2.2 of Chapter 2, corresponding to [35].

A BIT OF RKHS THEORY First, let us define a kernel.

Definition 1.5. Let Z be any measurable space. A function kZ defined as

kZ :
∣∣∣∣ Z × Z −→ R

z, z′ 7−→ kZ(z, z′) ,

is a kernel if and only if it is symmetric and positive definite.

Then, based on Aronszajn’s theorem [6], Theorem 4.21 of [161] states the existence of a unique
Reproducing Kernel Hilbert Space (RKHS) HkZ of reproducing kernel kZ , i.e., an Hilbert space
such that

• ∀z ∈ Z, kZ(·, z) ∈ HkZ ,
• ∀z ∈ Z, ∀f ∈ HkZ , 〈f, kZ(·, z)〉HkZ

= f(z) (reproducing property).

HkZ is then a space of functions from Z to R in which the probability distribution on Z are
embedded by the kernel mean embedding defined (assuming a sufficient condition that the kernel
is bounded and measurable [111]):

9



Ch
ap

te
r1

Ch
ap

te
r1

Definition 1.6. The kernel mean embedding of M1
+(Z) in HkZ is defined as

M1
+(Z) → HkZ

µkZ : P 7→ µkZ (P) =
∫

Z
kZ(z, ·)dP(z), (1.5)

where M1
+(Z) is the space of probability measures on Z.

Then, instead of comparing probability distributions in M1
+(Z), the distance between their

respective mean embedding is measured in HkZ defining the MMD (see Figure 1.1). Using the
reproducing property, an expression of the MMD using the kernels is given by:

MMD2
kZ

(P,Q) = ||µkZ (P)− µkZ (Q)||2HkZ

= EZ1,Z′
1∼P [kZ(Z1, Z ′

1)] + EZ2,Z′
2∼Q [kZ(Z2, Z ′

2)]
− EZ1∼P,Z2∼Q [kZ(Z1, Z2)] ,

(1.6)

where || · ||HkZ
is the Hilbertian norm. When kZ is characteristic, defined by the injectivity of (1.5),

the MMD becomes a distance, i.e.,

MMDkZ (P,Q) = 0⇔ P = Q,

and allows to efficiently compare probability distributions.

Z

P
Q

HkZ
µkZ (P)

µkZ (Q)

MMDkZ (P,Q)

Figure 1.1: Kernel mean embedding

HILBERT SCHMIDT INDEPENDENCE CRITERION Relying on the MMD, the Hilbert-Schmidt Indepen-
dence Criterion (HSIC) allows to measure dependence between two random variables.

Definition 1.7. For i ∈ {1, . . . d}, kXi
and kY kernels on Xi and Y, and k = kXi

⊗ kY the product
kernel inducing a RKHS Hk, the Hilbert-Schmidt Independence Criterion HSICk(Xi, Y ) between
two random variables Xi and Y of joint probability distribution PXi,Y and marginals PXi

and PY

is defined as

HSICk(Xi, Y ) = MMD2
k(PXi,Y ,PXi

⊗ PY )
= ||µk(PXi,Y )− µk(PXi

⊗ PY )||2Hk
.

It can be written using (1.6) as a sum of kernel expectations:

HSICk(Xi, Y ) = E[kXi
(Xi, Xi

′)kY(Y, Y ′)]
+ E[kXi

(Xi, Xi
′)]× E[kY(Y, Y ′)]

− 2E[E[kXi
(Xi, Xi

′)|Xi]E[kY(Y, Y ′)|Y ]].
(1.7)

where Y ′ = f(X ′) with X ′ an independent copy of X.
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Using both characteristic kernels for kXi and kY is sufficient to have:

HSICk(Xi, Y ) = 0⇔ Xi ⊥ Y.

From this, a statistical test of independence is derived [52],

(Hi
0) : HSICk(Xi, Y ) = 0 vs (Hi

1) : HSIC(Xi, Y ) > 0,

making HSIC ideal for screening.
Given a single N -sample ((X1, Y 1), . . . , (XN , Y N )), the estimation of HSIC is derived from (1.7)

in terms of V-statistic [51]:

ĤSICv(Xi, Y ) = 1
N2

N∑
s,j

KsjLsj + 1
N4

N∑
s,j,q,r

KsjLq,r −
2

N3

N∑
s,j,q

KsjLj,q

= 1
N2 tr(KHLH),

(1.8)

where K and L are the Gram matrices associated to the kernels kXi
and kY defined for all s, j ∈

{1, ..., N} by Ksj = kXi(Xs
i , Xj

i ) and Lsj = kY(Y s, Y j) and H is defined by Hsj = δsj −
1
N

.
An unbiased estimator by U-statistics is also proposed in [154]. The asymptotic distribution of
ĤSICv(Xi, Y ) under (Hi

0) can be used to estimate p-values and perform the independence test for
each input [52]. Alternative p-value estimators have been developed in [27]. A major strength of
HSIC is that its estimation requires only a single N -sample (regardless of the number of inputs),
and converges fast enough (see [51] for a convergence rate) that small N (around a hundred, even
less as in [25]) can be used. Moreover, the N -sample doesn’t require any particular DoE. It allows
the use of a chosen design that reduces the estimator variance such as Latin Hypercube Sampling
(LHS) or variants as in [85] where quantization-based LHS are tested to reduce the HSIC variance.

Instead of computing p-values, HSIC itself can be considered a sensitivity index. However, for
comparisons between inputs, such as comparing the influence of X1 and X2, having HSIC(X1, Y ) <
HSIC(X2, Y ) isn’t enough to conclude that X2 is more influential than X1. Normalized versions of
HSIC [24] allow this comparison, but are not as satisfactory as the ANOVA decomposition of the
Sobol’ indices. Fortunately, recent work [25] shows an ANOVA-like decomposition of HSIC.

HSIC-ANOVA [25] The first step to obtain an ANOVA-like decomposition of HSIC is to restrict
the input kernels kX to an ANOVA class of kernels [30], i.e., to have the form

kX (x, x′) =
d∏

i=1
(1 + kXi

(xi, x′
i)),

with 1 /∈ HkXi
(i.e., the RKHS induced by kXi

does not contain constant functions) and

∀i ∈ {1, . . . , d}, ∀xi ∈ Xi,

∫
Xi

kXi
(xi, x′

i)dPXi
(x′

i) = 0.

Under the previous assumptions and the independence between the inputs, [26] show that :

HSICkX ×kY (X, Y ) =
∑

A⊆{1,...,d}

∑
B⊆A

(−1)|A|−|B| HSICkXB
×kY (XB , Y ) , (1.9)
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where kXB
=
∏
i∈B

(1 + kXi
(xi, x′

i)). The requirement of using an ANOVA input kernel is not too

restrictive, since classical kernels can be modified to become ANOVA [30]. Sobolev kernels defined
as

k(x, x′) = B2r(|x− x′|)
(−1)r+1(2r)! +

r∑
i=1

Bi(x)Bi(x′)
(i!)2 ,

where Bi denotes the Bernoulli polynomial of degree i and r ≥ 0, are also ANOVA kernels by
construction [82] and are studied in [146] for their use in SA.
From (1.9), [26] defines HSIC-ANOVA, in the same way as Sobol’s indices, normalizing by HSICk(X, Y ).

Definition 1.8. For i ∈ {1, . . . , d},

• First-order HSIC-ANOVA are defined as

SHSIC
i =

HSICkXi
×kY (Xi, Y )

HSICkX ×kY (X, Y ) ,

• Total-order HSIC-ANOVA are defined as

ST,HSIC
i = 1−

HSICkX−i
×kY (X−i, Y )

HSICkX ×kY (X, Y ) .

Higher-order and closed HSIC-ANOVA are defined in the same way as Sobol’ indices and add up
to 1 using (1.9). With these indices, the inputs X1 to Xd are ranked according to their percentage of
the explained HSICk(X, Y ). However, such percentages are difficult to interpret, which is a major
drawback of HSIC-ANOVA compared to Sobol’s indices, which measure a portion of the output
variance.

For complex outputs, HSIC (with or without normalization) and HSIC-ANOVA rely only on
the presence of a (computable) characteristic kernel in the output space. Given any output space
where a characteristic kernel is defined (and computable), HSIC and HSIC-ANOVA can be used.
For example, a s-dimensional output kernel can be used if f(x) ∈ Rs. Functional output has also
been treated with respect to independence testing in [178], and for SA in [32]. However, the case
of set-valued models has not yet been explored.
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Take-home message on Sensitivity Analysis

What is sensitivity analysis?

• Sensitivity analysis (SA) is the study of how the uncertainty in the output can be parti-
tioned and allocated to the inputs.

• SA can be used to separate inputs into those that are significant and those that are not
(screening), or to rank inputs according to their impact (ranking).

• A popular SA approach is to estimate sensitivity indices that quantify the precise impact
of each input. For example

– Sobol’ indices measure the proportion of output variance explained by an input.
– Universal indices measure a portion of output uncertainty through test functions.
– HSIC measures input-output dependence using kernels.

Our contribution to sensitivity analysis :

In the following first part of the thesis, we propose three sensitivity indices in the context
of set-valued outputs. They are inspired by the three indices presented above:

• HSIC for sets (detailed in Chapter 2) are based on an introduced kernel of sets kset.
• Vorob’ev-based indices are an adaptation of Sobol’ indices based on random set theory

(briefly presented in the appendix).
• Universal indices are used with test functions that compare sets.

The proposed indices are tested on excursion sets defined as

Γ = {x ∈ X , f(x, U) ≤ q, g(x, U) ≤ 0},

which appear in the context of robust optimization.

1.2 Robust Bayesian Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Optimization, whether under uncertainty or in deterministic settings, is a well-established field
of study. It has been extensively explored through well-known and widely taught optimization
algorithms. Examples include gradient descent, Newton’s method, Lagrange multipliers, dynamic
programming, genetic algorithms, particle swarm optimization, and their various variants. Some of
these algorithms deal with uncertainty efficiently, while others require adaptations. With expensive
models to optimize, many existing algorithms cannot be used because they require too many model
evaluations, especially since many of them rely on derivative values, the estimation of which greatly
increases the cost.

To limit the number of simulations, efficient algorithms have emerged that rely on surrogate
modeling (or metamodeling), i.e., low-cost models of the costly model itself. A first approach to
using surrogates for optimization is to simply approach the costly model with a metamodel before
using classical optimization methods on it. However, fitting the surrogate with a small amount
of data can lead to large approximation errors that induce errors in the found optimum. An
alternative is then to choose wisely where to spend the simulation budget, i.e., to select points of
interest where the costly simulator is evaluated. This idea has led to a large number of algorithms
based on iteratively constructed surrogates. As explained in [169], such algorithms have a common
structure based on three steps:
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• Step 1: Construct an initial design of experiments (DoE) on which to evaluate the model.
• While there is still budget:

– Step 2: Fit the surrogate to the DoE.
– Step 3: Use an acquisition criterion to find a new point where it is relevant to enrich the

surrogate. Simulate this point and add it to the DoE.

Therefore, the number of algorithms is determined by the various combinations of the three steps:
constructing the DoE, selecting the appropriate surrogate model, and choosing the acquisition
criterion for adding new simulations points. For example, [136] starts with symmetric Latin hy-
percubes, the surrogates are based on Radial Basis Functions, and the new point is selected by
maximin approach.

Among these methods, Bayesian Optimization (BO), introduced in [84, 182, 104], and popu-
larized in [75], is characterized by the use of Bayesian statistics in surrogate modeling to quantify
its uncertainty. To use Bayesian statistics, the metamodeling step is done with Gaussian process
regression (GPR), and different acquisition criteria adapted to Gaussian processes (GP) have been
introduced.

In the following, we first recall GPR. We then describe BO in detail, with notably a focus on
robust BO, i.e., in presence of uncertainties. We refer to [173] for recent advances in BO.

1.2.1 Gaussian Process Regression

In this section, we assume that the reader is familiar with stochastic processes, especially Gaussian
processes. We only recall the prerequisites for understanding GPR. For details, the main reference is
[176]. In the following, we also use the term kriging to qualify GPR, even though kriging (introduced
in [102]) is a specific case of it.

Let f be an unknown and expensive to evaluate function defined by

f :
∣∣∣∣ X −→ R

x = (x1, . . . , xd) 7−→ f(x) ,

where X ⊂ Rd. f is only evaluated at t ∈ N∗ points that define a design X (t) = {x1, . . . , xt}
to get f(X (t)) = (f(x1), . . . , f(xt)). To approximate f on the whole domain, GPR relies on the
assumption that f is a sample path of a Gaussian process, i.e., that there exists a Gaussian Process
F on X and ω ∈ Ω such that f(x) = Fx(ω) for all x ∈ X where (Ω,F ,P) is a probability space
(used for the rest of the manuscript). The mean and covariance of F are denoted by µF and kF ,
respectively, such that for all x, x′ ∈ X ,

µF (x) = E[Fx],
kF (x, x′) = Cov[Fx, Fx′ ].

Making assumptions about the previous mean (often called trend) leads to different types of GPR.
For simplicity, we focus here on a constant and known trend, µF (x) = µF for all x ∈ X , called
Simple Kriging. When the trend is constant and unknown, we speak of Ordinary Kriging, and
finally of Universal Kriging when a polynomial trend is assumed.

Then, the evaluations of f are used to determine a sample path of F that best fits f . To do this,
F is simply conditioned on the evaluations, i.e., such that

Fx1 = f(x1), . . . , Fxt = f(xt).
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This leads to a conditionned process F (t) which remains Gaussian with mean and covariance of
known closed form called kriging equations (here given for simple kriging):

µF (t)(x) = µF + kF (x,X (t))K−1
F

(
f(X (t))− µF

)
,

kF (t) (x, x′) = kF (x, x′)− kF (x,X (t))K−1
F kF (x′,X (t))T ,

(1.10)

where kF (x,X (t)) =
(
kF (x, x1), . . . , kF (x, xt)

)
and KF =

(
kF (xi, xj)

)
1≤i,j≤t

. µF (t)(x) is then an
interpolating surrogate of f , with easily computable predictions and a control of the uncertainty
obtained directly as

F (t)
x ∼ N (µF (t)(x), kF (t) (x, x)) .

Apart from the choice of trend, the resulting surrogate strongly depends on the prior covariance
function kF . As long as kF is positive semidefinite, any kF can be used. In practice, however, prod-
ucts of one-dimensional stationary kernels are often used, such as Gaussian, exponential, Matérn,
Laplace kernels, with a parameter called the length scale for each dimension. Using the model eval-
uations, these length scales (with the trend if necessary) are estimated according to different criteria
such as Maximum Likelihood Estimation (MLE). Examples of GPR with 10 and 30 simulations are
given in Figure 1.2 to fit a function ftest defined as

ftest(x) = e− x2
3 sin(3x) + x2

50 − 2e−10|x−8|2
.

We observe that with a classic LHS the function is well fitted with 30 observations except near the

(a) 10 evaluations (b) 30 evaluations

Figure 1.2: Gaussian Process regression of ftest with different number of points of a lhs design, using a Gaussian kernel

sharp minimum at x = 8. If f is to be minimized, this is very problematic, and it shows that the
points should be selected according to the goal of minimizing ftest. This is the concept of Bayesian
optimization, which is presented after a short digression on noisy GPs.

1.2.1.a Noisy GP
Sometimes the evaluations of the simulator f are noisy. This means that we don’t have access
to the evaluations (f(x1), . . . , f(xt)) but only to noisy observations f̃1, . . . , f̃ t such that for all
i ∈ {1, . . . , t},

f̃ i = f(xi) + ei,
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where the noise is supposed Gaussian, i.e., ei are realizations of εi where ε = (ε1, . . . , εt) ∼ Nt(0, σ2
t ).

If the variance noise is constant for all evaluations, i.e., σ2
t = σ2It, we speak of homogeneous noise.

Otherwise it is called heterogeneous or heteroscedastic noise. Examples of GPR with homogeneous
and heterogeneous noise added to ftest are given in Figure 1.3.

(a) Homogeneous noise, σt = 0.1It (b) Heteroscedastic noise, σt = 0.02 ∗ (xi)1.5It

Figure 1.3: Noisy Gaussian Process regression of ftest with a lhs of 15 points and a Gaussian kernel

Adding noise doesn’t add much complexity to the kriging equations (1.10). Using a fixed small
homogeneous noise variance, called the nugget effect, is even a very common practice as it prevents
numerical instabilities in the inversion of the covariance matrix. Homogeneous noise is also easy to
estimate because it adds only one unknown parameter. On the other hand, heteroscedastic noise
is much harder to deal with, as its estimation would imply one more parameter to be estimated
for each model evaluation. In [48, 88, 78], alternatives have been studied where the heteroscedastic
noise is assumed to be a smooth function of the inputs and is modeled by a second GP. [68]
proposes to weight the initial data with the estimated noise. However, all of these methods require
estimation of the noise, which often involves repeated sampling at the same locations, which is not
always affordable or even possible. In [92], the work of [68] is extended to deal with noise that can
only be estimated for some points and not for others.

With or without noise, GPR allows any black-box function to be efficiently modeled with a
small amount of data, and to have a freely tractable uncertainty, making it suitable for Bayesian
optimization.

1.2.2 Bayesian Optimization
In Bayesian Optimization (BO), the algorithm iteratively selects new points to be added to the
training set of kriging surrogate models. This selection is based on Bayes’ rule: given the observed
data and the prior, Bayes’ rule allows us to update our belief about the objective function. A new
point is then selected according to some acquisition functions based on this updated posterior.

1.2.2.a Without constraints
BO was popularized by the work of [75], who introduced Efficient Global Optimization (EGO). It
aims at solving the optimization problem:

x∗ = arg min
x∈X

f(x). (1.11)
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This is done by fitting a kriging model F (t) of f to an initial DoE. Then, the kriging model is used
to quantify how likely a new point will be an improvement. This improvement is defined as

IF (t)(x) = max(f (t)
min − F (t)

x , 0),

where f
(t)
min = min(f(x1), . . . , f(xt)) is the current found minimum. At each x, if F (t)

x is lower than
f

(t)
min, the improvement measures of how much F (t)

x upgrades the minimum. Otherwise, it is 0.
Then, as the improvement depends on which GP path is selected, the Expected Improvement (EI),
introduced in [104], defined as

EIF (t)(x) = E[IF (t)(x)] = E
[
max(f (t)

min − F (t)
x , 0)

]
, (1.12)

is used to measure the average improvement at each x. The new point x(t+1) is then selected by
maximizing the EI, i.e., by solving

x(t+1) = arg max
x∈X

EIF (t)(x).

Then, f is evaluated at the next point x(t+1) and the GP is updated. Until a stopping criterion,
or while there is budget, the steps are repeated. For example, in [75], the EGO stops if a maximal
EI is small than 1% of the best current function value. An example of BO of ftest with the EFI
is given in Figure 1.4 where the conditionned GP is plotted along with the associate EI used to
select the next point. We observe that the maximization of the EI allows to evaluate points near
the optimum that we missed in Figure 1.2 even with more points.

Apart from EI and its variants (see [180] for a review and [126, 3] for recent work), many
acquisition functions have been used and have led to many BO algorithms. Among the most
well-known and used acquisition functions are the Probability of Improvement [84], the Knowledge
Gradient [39], the Upper Confidence Bounds or Lower Confidence Bounds [159], the Thompson
Sampling [2] or the Entropy Search [62].

1.2.2.b With constraints
For optimization problem with constraints, BO algorithms have been developed (see ([63]) to solve

x∗ = arg min
x∈K

f(x) where K = {x ∈ X , g(x) ≤ 0}, (1.13)

where g = (g1, . . . , gs) ≤ 0 denotes the respect of all constraints, i.e. ∀i ∈ {1, . . . , s}, gi ≤ 0.
To deal with these constraints, a first idea is to transform the problem into an unconstrained
optimization problem using methods such as penalty methods, Lagrangian-based methods, and
performing classical BO. However, this leads to difficulties such as the need for non-stationary
surrogates to fit the augmented Lagrangian [49]. An alternative is to fit each constraint function gi

with a Gaussian Process Gi and to adapt the acquisition criterion to the presence of constraints.
For example, EI can be extended with constraints to define the Expected Feasible Improvement
(EFI) [149, 147]. It is defined as the expectation of the feasible improvement:

EFIF (t),G(t)(x) = E
[
FIF (t),G(t)(x)

]
= E

[
IF (t)(x)1

G
(t)
x ≤0

]
= EIF (t)(x)P

[
G(t)

x ≤ 0
]

.
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(a) Iteration 0 (b) Iteration 5

(c) Iteration 10 (d) Iteration 15

Figure 1.4: Bayesian optimization of ftest with an initial lhs of 5 points selecting next points with Expected
Improvement.

It corresponds to the constrained EI of [55, 166] if the GPs are assumed to be independent. Maxi-
mizing the EFI allows the added point to also verify the constraint with high probability.

Other acquisition functions have been adapted or developed for constrained optimization. The
Integrated Expected Conditional Improvement allows to collect some non-admissible data [50]. The
knowledge gradient can be adapted to the constraints as in [19] and [168]. The authors of [129]
propose to reduce the expected volume of sets with low value of f where constraints are respected.
Instead of coupling both objective and constraint evaluations, [46] proposes frameworks in order to
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evaluate objective and constraints separately.

1.2.3 Robust Bayesian Optimization
In the presence of uncertain inputs modeled by random variables U = (U1, . . . , Up) ∈ U ⊂ Rp

with known probability distribution PU , BO has been adapted and Robust Bayesian Optimization
approaches have been developed both with and without constraints.

1.2.3.a Without constraints
Initial optimization problem (without constraints) of Equation (1.11) is a deterministic optimization
problem as neither the inputs x and the objective function f come with uncertainties. In presence
of uncertain inputs modeled by random variable U of known probability distributions PU , the
optimization problem becomes:

Find x which minimizes f(x, U). (1.14)

However, the minimization of f(x, U) is not clearly defined as f(x, U) is a random variable. Many
formulations can be derived from (1.14), sometimes leading to very different optimization strategies
(see [9] for a review on different robust optimization formulations). For example, we may decide
to solve deterministic versions of (1.14) for fixed U = U(ω) and then derive a robust optimum.
Alternatively, robustness metrics [103] can be used to account for uncertainties in the objective
function and to derive a robust optimization problem [89].

In this thesis, we will focus at minimizing E[f(x, U)], which leads to the optimization problem:

x∗ = arg min
x∈X

E[f(x, U)]. (1.15)

There are several alternatives to these formulations. Common robustness metrics are the min-
imax and minimin for worst-case and best-case optimization [170]. The authors of [110, 57, 135]
use both E[f(x, U)] and Var[f(x, U)] in a multi-objective optimization, while [120, 29] use linear
combinations of the two. In [167, 1, 165], the authors minimize the regret (as defined in [148]).

In the BO field, the presence of uncertain inputs has led to the development of Robust Bayesian
optimization algorithms. The algorithms are often designed for one of the previous problem for-
mulations, which has led to numerous robust BO approaches (see [118, 41, 15, 79, 130, 175, 139]
for some examples). For the formulation (1.15), [74] proposes the EI-VAR algorithm, which we
describe in detail.

In [74], the presence of uncertain inputs leads to the following changes compared to a classical
EGO-like algorithm:

• After modeling f by a GP F in the joint space X × U , the mean process Z(t) defined by

Z(t)
x = EU

[
F

(t)
(x,U)

]
,

is used to model E [f(x, U)]. Note that Z(t) remains Gaussian, which makes it easy enough
to compute its prediction mean and covariance.

• A region of interest in the design space is found by determining xtarg that maximizes the
classical EI but of the expected process Z:

xtarg = arg max
x∈X

EIZ(t)(x)

= arg max
x∈X

E
[
max(z(t)

min − Z(t)
x , 0)

]
.

19



Ch
ap

te
r1

Ch
ap

te
r1

An important difference here is that the improvement

IZ(t)(x) = max(z(t)
min − Z(t)

x , 0),

is calculated with z
(t)
min = min

1≤i≤t
E
[
Z

(t)
xi

]
, which is not observed but estimated.

• Then, the pair (xt+1, ut+1), is selected by minimizing the one step ahead variance at the point
of interest xtarg, i.e., the variance if (x, u) is added to the design:

(xt+1, ut+1) = arg min
x,u∈X ×U

Var
[
Z

(t)
xtarg |F (t)(x, u) = f(x, u)

]
.

Note that this optimization doesn’t require any new evaluations of f but only on computations
using the regression models F and Z as explained in [74].

• Finally, at the end of the algorithm, when the entire budget is consumed, the point chosen as
the best solution is the 90% quantile of Z among the evaluated points, defined as

x∗ = arg min
1≤i≤t

(
E
[
Z

(t)
(xi)

]
+ 1.282

√
Var

[
Z

(t)
(xi)

])
.

This final criterion is necessary in the context of robust BO as no true evaluations of E [f(x, U)]
are done, so the uncertainty on the estimation of E [f(x, U)] must be taken into account.

1.2.3.b With constraints: EFISUR
With constraints, most robust formulations are made in terms of the probability of satisfying the
constraints, i.e., such that P [g(x, U) ≤ 0] is above α, also called chance contrained optimization.
Along with the expectation of the objective function, this leads the following robust constrainted
optimization problem

x∗ = arg min
x∈K

E[f(x, U)] where K = {x ∈ X , P[g(x, U) ≤ 0] ≥ α}, (1.16)

on which we focus in this thesis.

To solve (1.16), the authors of [33] propose an algorithm called EFISUR for Expected Feasible
Improvement with Stepwise Uncertainty Reduction sampling. They adapt the previous EI-VAR
algorithm to deal with constraints and propose to:

• Model gi by independent Gaussian processes Gi in the joint space X × U and derive a single
constraint process C defined as

Cx = α− PU

[
G(x,U) ≤ 0

]
,

to model the probability constraint P[g(x, U) ≤ 0] ≥ α. Contrary to Z, C is no longer
Gaussian.

• Replace the EI on Z by the EFI on Z and C :

EFIZ(t),C(t)(x) = EIZ(t)(x)P
[
C(t)

x ≤ 0
]

,

to get new xtarg by maximizing EFI. In the expression of the improvement, the current best
feasible minimum is defined as:

z
feas,(t)
min = min

1≤i≤t
E
[
Z

(t)
xi

]
s.t. E

[
C

(t)
xi

]
≤ 0.
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• Fix xt+1 = xtarg and choose only ut+1 by minimizing a proxy S of the one step ahead variance
of the feasible improvement:

ut+1 = arg min
u∈U

S(xtarg, ut+1),

where S is defined as

S(x, u) = Var
[
IZ(t)(xtarg)|F (t)

(x,u) = f(x, u)
]

× EU

[
Varω

[
1

G
(t)
(xtarg,U)

≤0|G
(t)
(x,u) = g(x, u)

]]
.

In [33], this criteria is chosen as minimizing it allows to reduce the variance at xtarg of the
improvement i.e. where Z tales low value and of the constraint feasibility.

• Trusting the algorithm to reduce the variance at selected points, the final optimum is simply
taken as the best feasible minimum z

feas,(t)
min .

For the rest of the thesis, we focus on EFISUR algorithm. We detail it in Algorithm 1 given in the
introduction of the second part of the thesis.

In [33], EFISUR is tested on two test cases of dimensions d + p equal to 2 + 2 and 20 + 7 and
compared with the EFIRAND algorithm, which is a copy of EFISUR except that ut+1 is chosen at
random. It provides efficient results and shows the benefits of optimizing S. Adaptation of EFISUR
with a Gaussian vector G (instead of independent Gaussian variables Gi) has been studied in [125].

1.2.4 Bayesian optimization in high dimension
BO is known to struggle in high input dimension. Explained for example in [11, 95], these difficulties
come from two main factors:

• Fitting GPs in high-dimensional input spaces is challenging. This difficulty arises from the
increasing number of parameters that need to be estimated and the fact that covariance
functions are often based on distances, which behave differently in high dimensions.

• Optimizing acquisition functions becomes more difficult in high-dimensional input spaces.
This challenge stems from the complexity of optimization in high dimensions and the increased
computational difficulty of estimating acquisition criteria.

To avoid these problems, several methods have been proposed. Some of them rely on adaptations
to fit the GP in high dimensions using sum of low dimensional models as in [31, 77, 58, 77, 4]. For
example, [4] suggests decomposing the model into a weighted sum of sub-kriging models, which
simplifies both the fitting of the GPs and the optimization of the inclusion criteria. The use of
alternative kernels may also be a solution as proposed in [163, 117, 69] where the authors suggest
including the dimension as a parameter in the prior so that it remains usable in high dimension.

The acquisition criterion optimization can also be adapted to high dimension. For example, [179]
proposes the expected coordinate improvement, which includes a coordinate selection and [133]
proposes to adapt the optimization of EI by reducing the GP length scale along the optimization.

To deal with the huge size of the input space, other work rely on local search, by adaptively
optimizing in subsets (of the same dimension) of the search space such as in [34, 112, 171, 115, 177].

Finally, many works assume that the optimization problem has a "low effective dimension" and
propose to find a reduced number of input variables (among the inital variable or not) to simplify
the BO. These approaches can be divided into two types:
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• Offline approaches aim to reduce the dimension separately from the BO. Whether before
the BO or between iterations, dimension reduction allows BO steps to be performed in low
dimensions.

• Online approaches dwell in the BO and reduce the dimension of the acquisition function
optimization.

Among the offline methods we can mention [40, 174, 12, 113, 108, 90], which choose a subspace
in which the whole BO is performed. Adjusting the dimension reduction after some iterations is
also done in [61, 155, 121].

Online methods have also been proposed with different variable selection methods. [91] simply
studies dropout strategies while randomly selecting some inputs before optimizing the acquisition
criteria. [156] improves the method by selecting inputs using goal-oriented SA techniques (presented
in the next section). [172] relies on tree search to select important variables. [142] identifies
influential variables by the covariance correlation lengths of the GP and the subset of influential
variables is updated at each step using a doubt function.

Take-home message on Bayesian Optimization

What is Bayesian optimization?

• BO is a method for optimizing expensive black-box functions.
• It is based on Gaussian process modeling along with sequential learning obtained by

optimizing well-chosen acquisition functions.
• It has been adapted to deal with both constraints and uncertainties, resulting in numerous

algorithms over the past decades.
• It struggles with high input dimensions, which has led to adaptations with mainly dimen-

sion reduction methods.

Our contribution to Bayesian optimization :

In the thesis, we use the robust Bayesian Optimization algorithm EFISUR to solve

x∗ = arg min
x∈K

E[f(x, U)] where K = {x ∈ X , P[g(x, U) ≤ 0] ≥ α}.

In the second part of the thesis, we propose ways to make EFISUR usable in high input
dimension, relying on online and offline methods based on sensitivity analysis tools. We also
propose a different validation step to overcome the GPs errors increased by the high input
dimension.

1.3 Goal-oriented Sensitivity Analysis for (Bayesian) Optimization . . . . . . . . . . . . . .

In the previous sections, we introduced the fields of Sensitivity Analysis and robust Bayesian Op-
timization. In this section, we explain how SA can be used for optimization. First we present
Goal-Oriented Sensitivity Analysis (GOSA) tools. Then we detail how existing work uses GOSA
for (Bayesian) Optimization.

1.3.1 Goal-Oriented Sensitivity Analysis
The indices introduced in Section 1.1 are used to measure the influence of inputs (X1, . . . , Xd) on an
output Y = f(X1, . . . , Xd). In many cases, however, we are not interested in the effect of Xi on Y ,
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but rather in some specific goal related to Y that we want to achieve. This has led to the framework
of Goal-oriented Sensitivity Analysis (GOSA), defined in [38], in which the authors quantify the
influence of inputs on a risk measure related to the probability distribution of Y . Different types
of GOSA have been studied in the literature (for instance, regional SA in [158] or quantile-based
SA in [81, 76]).

We focus on the framework for GOSA proposed in [97], where the authors define two types of
GOSA. Given an output domain of interest C,

• Target Sensitivity Analysis (TSA), originally introduced in [157], measures the effect of inputs
on the occurrence of a phenomenon defined by {Y ∈ C},

• Conditional Sensitivity Analysis (CSA) measures the effect of the inputs on the output while
it is within the range of interest, i.e., on Y |Y ∈ C.

1.3.1.a Target Sensitivity Analysis
To measure the effects of inputs on the occurrence of {Y ∈ C}, the natural idea, proposed in [157],
is to consider the binary variable 1Y ∈C . From this, any sensitivity indices usable for discretized
outputs can be used by replacing the output with 1Y ∈C . For example, in [93], first-order Sobol’
indices are derived:

S1

i = Var [E[1Y ∈C |Xi]]
Var [Y ] .

However, this is criticized in [97] as it doesn’t take into account the distance to C. In fact, with
1Y ∈C , points very close to the boundary of C or very far away are treated equally. To avoid this
problem, [97] propose a smooth thresholding w using as a reference w(y) = exp(−d(y, C)/s), where
d(y, C) is a distance from y to C and s is a constant parameter. Then by simply replacing Y with
w(Y ), TSA Sobol’ indices and TSA HSIC can be defined.
Definition 1.9. Given an output transformation w : Y 7→ R, TSA Sobol’ indices T-Si,w and TSA
HSIC indices T-HSICw

k (Xi, Y ) are defined as

T-Si,w = Var [E [w(Y ) | Xi]]
Var[w(Y )] ,

T-HSICw
k (Xi, Y ) = HSICk(Xi, w(Y )).

Sobol’ indices of any order, as well as normalizations of HSIC and notably HSIC-ANOVA can
all be derived in the same way. Only the kernel choice for HSIC may be affected, especially when
w(Y ) is binary or discretized. The same estimation procedures can be used.

1.3.1.b Conditional Sensitivity Analysis
On the other hand, CSA requires a bit more work. To measure the effect of Y inside C, ignoring
what happens outside, the output of interest becomes Y |{Y ∈ C}. To use this output directly in the
previous indices, an i.i.d. sample ((X1

C , Y 1
C ), . . . , (XN

C , Y N
C )) of the parent distribution P(X,Y )|Y ∈C

would be necessary, but is not easily affordable, especially when C is a rare event.
To avoid this problem, it is proposed to estimate the Sobol’ indices with the following output

transformation:
Ỹw = w(Y )Y + (1− w(Y ))c, (1.17)

so that Ỹw ≈ Y in C, i.e., when w(Y ) = 1, and is constant equal to c otherwise. The constant c is

fixed at E [w(Y )Y ]
E [w(Y )] , obtained by imposing E

[
Ỹw

]
= c, i.e. that the transformation is equal to its

mean when not in C. This results in conditional first-order Sobol’ indices.
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Definition 1.10. Given Ỹw defined by (1.17), Conditional first-order Sobol’ indices C-Si,w are
defined as

C-Si,w =
Var

[
E
[
Ỹw | Xi

]]
Var

[
Ỹw

] .

Classical estimation of Sobol’ indices can be used to estimate C-Si,w.
For HSIC indices, a better approach is to write the conditional probability distribution of Y |{Y ∈

C} defined by for B ⊂ R by

PY |Y ∈C(B) =
∫

B
1C(y)dPY (y)∫

Y 1C(y)dPY (y) .

From this, [97] again proposes a "weighted conditional density", denoted Pw
Y , replacing the indicator

by a weighted transformation w:

Pw
Y (B) =

∫
B

w(y)dPY (y)∫
Y w(y)dPY (y) =

∫
B

w(y)dPY (y)
E [w(Y )] ,

under which Y expectation is immediate :

EY ∼Pw
Y

= E
[

w(Y )Y
E [w(Y )]

]
.

Then, defining similarly Pw
X and Pw

(X,Y ), [97] obtains:

C-HSICw
k (Xi, Y ) = HSICk,(Xi,Y )∼Pw

(Xi,Y )
(Xi, Y )

= E [kXi
(Xi, X ′

i) kY (Y, Y ′) w̄(Y )w̄ (Y ′)]
+ E [kXi

(Xi, X ′
i) w̄(Y )w̄ (Y ′)]× E [kY (Y, Y ′) w̄(Y )w̄ (Y ′)]

− 2E [E [kXi
(Xi, X ′

i) |Xi]E [kY (Y, Y ′) w̄(Y )w̄ (Y ′)] |Y ]

,

where w̄(Y ) = w(Y )
E[w(Y )] . It can then lead to an estimation similar to HSIC, also described in [97].

p-values can still be estimated with permutation-based tests. Since the conditioned inputs are no
longer independent, HSIC-ANOVA cannot be used.

1.3.2 Offline and Online Goal-oriented Sensitivity Analysis for Optimization
Both TSA and CSA approaches can be used in constrained optimization by considering the domain
of interest C to be an area of low objective function value and where all constraints are respected.
They then allow to measure the effect of the inputs to reach the optimum or within an area close
to the optimum. It has been used for optimization in some recent work with both offline and online
methods.

OFFLINE SENSITIVITY ANALYSIS FOR OPTIMIZATION One example of offline dimension reduction by
goal-oriented SA before optimization is proposed in [157] using goal-oriented indices, which can be
seen as specific cases of TSA. The authors aim at reducing the input dimension of the following
problem:

x∗ = arg min
x∈K

f(x) where K = {x ∈ X , g(x) ≤ 0}. (1.18)

They introduce HSIC with indicator thresholding:

SHSIC
q,T (Xi) = HSIC(Xi,1f(X)≤q,g(X)≤T ).
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This indices correspond to an extension of TSA-HSIC with a 2-dimensional output Y = (Y1, Y2) and
w(Y ) = 1Y1≤q,Y2≤T . Then, with q a low quantile of f and T near 0, SHSIC

q,T (Xi) allows to quantify
the impact of Xi on minimizing f while g ≤ 0. By keeping only the most influential inputs (less
than 10% of the sum of all indices), the authors of [157] reduce the optimization dimension. The
negligible inputs are either fixed at random values or at the values given by the best feasible point
obtained during the sensitivity analysis. Then the optimization is performed with the COBYLA
algorithm but any optimization method can then be used.

ONLINE SENSITIVITY ANALYSIS FOR OPTIMIZATION To solve

x∗ = arg min
x∈K

f(x), (1.19)

where f is a costly black-box function, the authors of [156] propose an online approach to reduce
the dimension by SA in a BO algorithm. To do so, they compute SHSIC

q,T (Xi) on the kriging mean
at each step of the BO to select the influential variable with which the acquisition criterion is
optimized, while the other inputs are fixed according to a different strategy.

To the best of our knowledge, no existing work proposes to use SA in robust Bayesian optimiza-
tion. Therefore, inspired by the two previously presented methods, this thesis presents both online
and offline methods to incorporate SA in the EFISUR algorithm.

Take-home message on the use of Sensitivity Analysis for (Bayesian) Optimization

How can sensitivity analysis be used for optimization?

• Given a region of interest for optimization, such as where the objective function is below
a low value and the constraint is verified, sensitivity analysis can be goal-oriented to
measure the impact of the inputs

– to reach the region of interest with Target Sensitivity Analysis (TSA)
– within the region of interest with Conditional Sensitivity Analysis (CSA)

• Goal Oriented Sensitivity Analysis can be used for optimization
– with Offline approaches that consist in selecting influential inputs to reduce the

input dimension.
– with Online for Bayesian optimization by selecting influential inputs at each itera-

tion to reduce the dimension of the acquisition function optimization.

Our contribution to sensitivity analysis for Bayesian optimization :

In this thesis, we propose ways to use goal-directed sensitivity analysis in the robust BO
algorithm EFISUR. Both online and offline methods are adapted to the presence of uncertain
inputs, with in particular the use of sensitivity indices of excursion sets proposed in the first
part.
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Introduction

One goal of the thesis is to quantify the impact of uncertain inputs in the context of robust
optimization. In this first part, we propose to achieve this goal by studying how the uncertain
inputs U = (U1, ..., Up) affect excursion set Γ of the optimization problem, defined as

Γ = {x ∈ X , f(x, U) ≤ q, g(x, U) ≤ 0},

i.e., the set of design inputs such that the objective function f takes low values, and the constraint
g ≤ 0 is satisfied. Because of the uncertainty of U , Γ is a random set on which we propose to
perform a sensitivity analysis to measure the impact of each Ui. This raises the main question of
this first part of how to perform a sensitivity analysis with set-valued outputs. Traditional
sensitivity analysis methods, designed primarily for scalar outputs and extended to multiple types
of outputs, fall short when dealing with set-valued models. Therefore, the next two chapters focus
on advancing sensitivity analysis (SA) methods to effectively handle the intricacies of set-valued
outputs, thereby providing a more comprehensive understanding of the relationships between inputs
and these complex outputs.

The first chapter is entitled Kernel-based sensitivity analysis for (excursion) sets. The core idea
revolves around using and adapting existing kernel-based SA techniques, with a particular focus on
the Hilbert-Schmidt Independence Criterion (HSIC), to the context of set-valued outputs. Kernel-
based SA methods provide a robust framework for handling any kind of input and output, as
described in [86]. They rely mostly on having a (characteristic) kernel in the space of interest, but
also on a probabilistic theory to define random elements on the space of interest. Therefore, the
chapter consists essentially of the presentation of probabilistic framework for random sets adapted
to excursion sets (different from the random set theory of [105]), together with the introduction of
a kernel kset on sets and its study. In particular, we show that kset is characteristic (injectivity
of the mean embedding), relying on a result of [181] that studies characteristic kernels in general
spaces. While the method is initially developed with excursion sets in mind, its applicability
extends to a broader range of set-valued models. This chapter not only introduces the theoretical
underpinnings of the proposed method, but also demonstrates its potential to address real-world
challenges associated with set-valued outputs.

In Chapter 3 entitled Sensitivity analysis for sets: application to pollutant concentration maps,
two other types of SA indices for set-valued models are introduced. The first are inspired by Sobol’
indices using Vorob’ev expectation and deviation from the random set theory of [105]. The second
ones are universal indices of [37] designed to work in any kind of output space. The use of test
functions on sets makes them usable to deal with random sets. These two indices, along with the
indices introduced in the first chapter, are tested and compared on a toy function. They are then
applied to a real test case of a pollutant concentration map model. This allows for a comprehensive
sensitivity analysis that enhances our understanding of how different factors influence concentration
pollutant maps.

29



Ch
ap

te
r2

Ch
ap

te
r2

30



Ch
ap

te
r2

Ch
ap

te
r2

Ch
ap

te
r22
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Abstract
In this paper, we aim to perform sensitivity analysis of set-valued models and, in particular, to
quantify the impact of uncertain inputs on feasible sets, which are key elements in solving a robust
optimization problem under constraints. While most sensitivity analysis methods deal with scalar
outputs, this paper introduces a novel approach to perform sensitivity analysis with set-valued
outputs. Our innovative methodology is designed for excursion sets, but is versatile enough to be
applied to set-valued simulators, including those found in viability fields, or when working with
maps like pollutant concentration maps or flood zone maps.

We propose to use the Hilbert-Schmidt Independence Criterion (HSIC) with a kernel designed for
set-valued outputs. After setting a probabilistic framework for random sets, a first contribution is
the proof that this kernel is characteristic, an essential property in a kernel-based sensitivity analysis
context. To measure the contribution of each input, we then propose to use HSIC-ANOVA indices.
With these indices, we can identify which inputs should be neglected (screening) and we can rank
the others according to their influence (ranking). The estimation of these indices is also adapted
to the set-valued outputs. Finally, we test the proposed method on three test cases of excursion sets.

Keywords: HSIC-ANOVA indices, random sets, screening, ranking
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2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In many fields, it is essential to understand the input/output relationships of models that simulate
complex physical systems. This knowledge can be used to simplify and optimize the model and
provide valuable insights to experts. Sensitivity analysis (SA) is one response to this challenge.
It quantifies how variations in inputs translate into variations in outputs, precisely measuring the
impact of each input on the output. However, in certain domains, models may have highly complex
outputs that traditional SA methods, originally designed for scalar outputs, may not be suitable
for. Specifically, we are interested in models with set-valued outputs, where each evaluation of the
model produces a subset of a larger space. Our interest lies in the need to quantify the influence of
parameters on the excursion sets of optimization problems, with the goal of simplifying constrained
robust optimization problems. Set-valued output models are also prevalent in other domains,
including image processing, map modeling, and viability fields. Therefore, we aim to measure the
impact of each input, on a set-valued output through an adapted SA approach.

Global sensitivity analysis (GSA) is a methodology used to assess the impact of input variations
on the output of a system or model across the entire parameter space. A detailed review of GSA
methods can be found in the book [26] or in [70]. These methods can be distinguished into two
types:

• screening-oriented SA techniques are devoted to identifying influential and non-influential
inputs;

• ranking-oriented SA aims to compute sensitivity indices or importance measures, which are
scalars representing the effect of an input or group of inputs on the output. These indices are
then used to rank the inputs by order of influence.

One well-known screening technique is the Morris method [109], which is based on one-at-a-time
designs, i.e., where each input varies while the others are held fixed. Regarding ranking methods,
the most commonly used indices are the Sobol’ indices, which are variance-based sensitivity mea-
sures [152]. These indices quantify the portion of the output variance that can be attributed to
one or a group of inputs. This variance decomposition is called the ANOVA (ANalysis Of VAri-
ance) decomposition. However, these indices have several drawbacks. One main issue is that their
estimation cost in terms of number of model evaluations is very high. For instance, the simulation
budget needed for the ’pick and freeze’ method [153] increases linearly with the input dimension.
Rank-based estimators have recently been used to circumvent this problem [42], but at the cost
of not being able to estimate the higher-order Sobol’ indices. Another major drawback is that
Sobol’ indices quantify the input contributions to the output variance, but not to the entire out-
put distribution. That is why other types of indices examine how the entire output distribution
is affected by the input parameters. This is done by comparing the input and output probability
distributions. For instance, Borgonovo’s indices compare the density functions [13], Cramér-von
Mises indices look at the cumulative distribution function [44], and kernel-based sensitivity indices
compare the embedding of the distributions [25]. The former method relies on embedding dis-
tributions in Reproducing Kernel Hilbert Spaces (RKHS) using kernel functions, which makes it
easier to compute distances. By embedding the joint input-output distribution and the product of
marginal distributions in a well-chosen RKHS, indices based on the Hilbert-Schmidt Independence
Criterion (HSIC) [53] can be defined. These indices quantify the dependence between an input
and the output and can be used for screening. They also have a low cost because they can be
estimated using a single Monte Carlo design of experiments. Under specific assumptions on the
input kernels, an ANOVA-like decomposition of HSIC exists, as shown in [25], which makes them
usable for ranking.

Several works in the literature have addressed SA adapted to complex outputs. However, to
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the best of our knowledge, the specific case of set-valued outputs has not yet been studied. For
instance, [65, 99, 127] examined spatial outputs, while [28, 28] explored spatiotemporal outputs.
These methods generate sensitivity index maps that can be interpreted by connecting them to the
underlying physical phenomena. However, there is a strong motivation, whether due to interpre-
tation challenges or synthesis concerns, to find a single scalar index per input that captures its
influence on the variability of the entire complex output. This is explored and presented in [43],
which defines aggregated Sobol’ indices for vector and functional outputs. In [45], the authors also
propose a universal index that can be used in any metric space. Kernel-based indices, in particular
the HSIC, can also be used with complex outputs, as proposed in [24, 32] with functional outputs.
Adaptation of HSIC to complex output is in fact straightforward, kernel methods being known to
be flexible with respect to the type of data (see for example [151], where kernel methods are used
with several types of data such as vectors, texts, trees...). The flexibility of the latter lies in the
fact that they mostly rely only on defining a kernel in the relevant space (where random elements
can be defined), making them particularly permissive in accommodating different input and output
types. For this flexibility, low cost, ability to quantify changes across the entire output distribution,
and their utility for both screening and ranking purposes, we propose to use HSIC-ANOVA indices
to conduct a SA of set-valued models.

To perform kernel-based SA on a set-valued model, there are two main requirements. First, a
framework of random sets is required. Indeed, a space of sets is not an easy space to work in,
and describing randomness in such a space can be challenging. For example, [105, 114] propose
a complete theory of random sets. The second key to performing kernel-based SA on set-valued
outputs is to have a kernel defined on sets. Given these two conditions, we can apply the kernel-
based SA methodology to define sensitivity indices for set-valued outputs. This is the focus of this
paper.

To this end, we first recall in Section 2.2 the general methodology for defining kernel-based
sensitivity indices, and in particular the Hilbert-Schmidt Independence Criterion (HSIC), in a
generic measurable output space. We then present our contributions in Section 2.3. First, we
define the probabilistic framework for random sets. Then, it is shown that a generalization of the
Gaussian kernel can be used to handle random sets, and the theoretical properties of this kernel
are carefully studied. In particular, we show that this kernel is characteristic, a crucial property
for screening purposes. Finally, HSIC-ANOVA indices for set-valued outputs are derived, but their
estimation is made complicated by the presence of sets. Therefore, a nested Monte Carlo estimator
is proposed to estimate the indices and its statistical properties are studied. Finally, numerical
results obtained from two test cases related to excursion sets and from an industrial test case for
electrical machine design are given in Section 2.4. Proofs of the results of Section 2.3 and some
additional numerical results are given in the Supplementary Materials.

2.2 Kernel-based SA in a generic space Z . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we explain how HSIC-ANOVA indices can be derived from kernel theory in a generic
space. For a complete kernel theory, the reader can refer to the book Support Vector Machine of
[161].

2.2.1 Kernel Embedding, MMD and HSIC
Let (Z,A) be a measurable space on which kZ is a kernel, i.e., a symmetric and positive definite
function kZ : Z × Z → R. As stated in Theorem 4.21 of [161], there exists a unique Reproducing
Kernel Hilbert Space (RKHS) HkZ of reproducing kernel kZ , i.e a kernel such that
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• ∀z ∈ Z, kZ(·, z) ∈ HkZ

• ∀z ∈ Z, ∀f ∈ HkZ , 〈f, kZ(·, z)〉HkZ
= f(z).

Let M1
+(Z) be the space of probability measures on Z. By Lemma 3.1 of [111], a bounded and

measurable kernel kZ is a sufficient condition for M1
+(Z) to be embedded in HkZ by the kernel

mean embedding defined as follows.

Definition 2.1. The kernel mean embedding of M1
+(Z) in HkZ is defined as

M1
+(Z) → HkZ

µkZ : P 7→ µkZ (P) =
∫

Z
kZ(z, ·)dP(z).

The distance between the kernel mean embedding of two distributions P and Q is called the
Maximum Mean Discrepancy (MMD) and is denoted by MMDkZ (P,Q) = ||µkZ (P)− µkZ (Q)||HkZ
(see Figure 2.1). To be a distance between the distributions P and Q, the kernel mean embedding
µkZ must be injective. In this case, the kernel µkZ is said to be characteristic. The MMD can then

Z

P
Q

HkZ
µkZ (P)

µkZ (Q)

MMDkZ (P,Q)

Figure 2.1: Kernel mean embedding

be used to define HSIC for the sensitivity analysis context, as proposed in [24].
Let η : U → Z be a measurable model with respect to the Borel σ-algebras BU and BZ , where

U = U1 × ... × Up ⊂ Rp. Let (Ω,F ,P) be a probability space on which each input Ui is a random
variable of probability distribution PUi

. For any subset of indices A ⊂ {1, ..., p}, UA will denote
the random vector (Ui)i∈A. We are interested in knowing how the uncertainty of Z = η(U) can be
attributed to the different inputs (or group of inputs). To do this, kernel-based sensitivity analysis
relies on measuring the dependence between UA and Z by computing the MMD between the joint
distribution PUA,Z and the product of the marginal distributions PUA

⊗ PZ . If this distance is
zero, then UA and Z are independent, i.e. UA has no effect on Z. This distance is called the
Hilbert-Schmidt Independence Criterion (HSIC), first defined in [51].

Definition 2.2. For A ⊂ {1, ..., p}, let k = kA ⊗ kZ be a kernel inducing the RKHS Hk, with kA

a kernel on the space UA = ⊗i∈AUi. The Hilbert-Schmidt Independence Criterion between UA and
Z, denoted by HSIC(UA, Z), is defined as

HSIC(UA, Z) := MMD(PUA,Z ,PUA
⊗ PZ)2 = ||µk(PUA,Z)− µkA

(PUA
)⊗ µkZ (PZ)||2Hk

.

HSIC can then be used to test the independence between UA and Z. For the test to be consistent,
i.e. HSIC(UA, Z) = 0 if and only if UA and Z are independent, it is sufficient that both kA and
kZ are characteristic (which doesn’t necessarily mean that k is characteristic). This result can
be obtained by combining Theorem 3.11 in [94] and Proposition 29 in [150] as explained in the
introduction of [164]. To conduct screening, an independence test is performed for each input Ui :

(Hi
0) : HSIC(Ui, Z) = 0 versus (Hi

1) : HSIC(Ui, Z) > 0.
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One of the reasons HSIC has become popular is that it can be expressed very simply in terms
of kernel functions. From Lemma 1 of [51], one has:

HSIC(UA, Z) = E[kA(UA, UA
′)kZ(Z, Z ′)] (2.1)

+ E[kA(UA, UA
′)]E[kZ(Z, Z ′)]

− 2E[E[kA(UA, UA
′)|UA]E[kZ(Z, Z ′)|Z]],

where (UA
′, Z ′) is an independent copy of (UA, Z). This expression makes estimating the HSIC

very easy, since it can be estimated with biased or unbiased estimators based on U- and V-statistics
as introduced in [51, 154]. If the sample size is large enough, asymptotic estimation of the p-value
associated to the test of independence can be used, as suggested in [52]. For smaller samples, a
permutation-based technique can be used (see [27]).

However, HSIC indices are not sufficient for ranking. The values HSIC(Ui, Z) must first be
normalized in order to compare them and rank the inputs. In the context of sensitivity analysis,

several normalizations have been studied, such as normalization by
p∑

i=1
HSIC(Ui, Z) [157] or by√

HSIC(Ui, Ui) HSIC(Z, Z) [24]. These indices have been used for ranking purposes, but they are
not as satisfactory as the ANOVA decomposition of Sobol’ indices. However, a recent study provides
an ANOVA-like decomposition that justifies the use of HSIC for ranking purposes [25].

2.2.2 HSIC-ANOVA indices
In [25] an ANOVA-like decomposition of the HSIC is proposed, which makes it usable to rank the
inputs by influence. This decomposition requires strong assumptions, particularly the independence
between the inputs and the ANOVA property of the input kernel.

Definition 2.3 (Orthogonal and ANOVA kernel). Let U be a measurable space. A kernel k :
U × U → R is said to be orthogonal with respect to a probability measure ν ∈M+

1 (U) if

∀u ∈ U ,

∫
U

k(u, z)dν(z) = 0.

A kernel K : U × U → R is said to be ANOVA w.r.t. ν if it can be decomposed as K = 1 + k
where k is orthogonal w.r.t. ν.

Theorem 2.1 (ANOVA decomposition of HSIC). Assuming that:

i. The inputs U1, ..., Up are mutually independent;
ii. Each input has an ANOVA kernel Ki w.r.t. the input distribution PUi

. For any group of
inputs UA with A ⊂ {1, ..., p}, the associated kernel is defined by

KA =
⊗
i∈A

Ki;

iii. For any A ⊂ {1, ..., p}, E[KA(UA, UA)] < +∞ and E[kZ(Z, Z)] < +∞.

Then the ANOVA decomposition of the HSIC is given by

HSIC(U , Z) =
∑

A⊆{1,...,p}

∑
B⊆A

(−1)|A|−|B| HSIC (UB , Z) .
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In addition to providing a decomposition of the HSIC, an ANOVA input kernel also simplifies
the HSIC expression of the Equation 2.1, which becomes

HSIC(UA, Z) = E
[
(KA(UA, UA

′)− 1)kZ(Z, Z ′)
]

.

Given an independent and identically distributed (iid) sample (U (1)
A , Z(1)), ..., (U (n)

A , Z(n)) of (UA, Z),
the previous expression is easily estimated by a U-statistic

ĤSIC (UA, Z) = 2
n(n− 1)

n∑
i<j

(
KA

(
U

(i)
A , U

(j)
A

)
− 1
)

kZ

(
Z(i), Z(j)

)
. (2.2)

The decomposition given in Theorem 2.1 allows SA indices to be defined in a similar way as
Sobol’ indices.

Definition 2.4 (HSIC-ANOVA indices). The first-order and total-order HSIC-ANOVA indices can
be defined by

∀i ∈ {1, ..., p} SHSIC
i := HSIC(Ui, Z)

HSIC(U , Z) and SHSIC
Ti

:= 1− HSIC(U−i, Z)
HSIC(U , Z) ,

with U−i = (U1, ..., Ui−1, Ui+1, ..., Ud). These indices can be generalized to groups of inputs.

These indices can be used to rank the inputs by influence by ranking their indices. It is also
possible to use either first-order or total-order indices for screening, as we still have

SHSIC
i = 0⇐⇒ SHSIC

Ti
= 0⇐⇒ Ui ⊥ Γ,

as shown in [145]. The authors also propose a test of independence that proves to be more powerful
than the usual tests performed with HSIC indices.

It is important to note that the three assumptions of Theorem 2.1, and especially ii., restrict
the choice of the input kernel to be ANOVA. Few kernels are known to be ANOVA. The best
known are the Sobolev kernels (see [82, 25]), which correspond to the reproducing kernels of some
Sobolev spaces. These kernels are ANOVA with respect to the uniform law on [0, 1] and are also
characteristic (see remark 3.4 and Proposition 3.6 of [146]). It is also possible to derive ANOVA
kernels from classic kernels. One of the possible transformations is suggested in [47]. For any given
kernel k, its ANOVA counterpart K w.r.t. ν is defined by

K(x, y) = 1 + k(x, y)−
∫

k(x, z)dν(z)−
∫

k(z, y)dν(z) (2.3)

+
∫ ∫

k(z, z′)dν(z)dν(z′).

Given ANOVA and characteristic input kernels Ki and a characteristic output kernel kZ , first-
order and total-order HSIC-ANOVA indices can be computed and used for both screening and
ranking. This approach has the strength of being very permissive about the nature of the output.
Indeed, once one has a measurable and bounded characteristic kernel on an output space on which
a random element can be defined, one can derive HSIC-ANOVA sensitivity indices to perform a
sensitivity analysis of the complex model. We propose to do so in the next section dealing with an
output space of sets.
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2.3 Kernel-based Sensitivity Analysis for sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we apply the methodology of the previous section to the case of set-valued outputs,
i.e., where Z is a space of sets. We introduce a probabilistic framework for random sets on which we
propose a customized kernel and study its property so that it can be used to define HSIC-ANOVA
indices for sets. We also introduce and study the estimation of these new indices. Basic concepts
of functional analysis and topology useful in this section can be found, for example, in [140].

2.3.1 Probabilistic framework of random sets
A general theory of random sets can be found in [105]. In our case, however, we propose to define a
random set as Γ = η(U), where η is a measurable function from U to a space of sets to be defined.
First, we define the space of sets we are working in, and a corresponding σ-algebra.

Let L (X ) be the space of all Lebesgue-measurable subsets of a compact space X ⊂ Rd. Let
δ : L (X )×L (X )→ R be the Lebesgue measure of the symmetric difference defined by δ(γ1, γ2) =
λ(γ1∆γ2) where ∆ is the symmetric difference defined by γ1∆γ2 = (γ1 ∪ γ2)\(γ1 ∩ γ2) and λ is
the Lebesgue measure on X . L2(X ) denotes the space of square Lebesgue integrable functions on
X , and the L2-norm is denoted by || · ||L2(X ). δ can also be seen in terms of the L2-norm of the
indicator functions of γ1 and γ2, as given in the following lemma.

Lemma 2.1. Let γ1, γ2 ∈ L (X ), we have

δ(γ1, γ2) = ||1γ1 − 1γ2 ||
2
L2(X ) ,

and
δ(γ1, γ2) = 0⇔ γ1 = γ2 λ-almost everywhere.

Thus δ is a pseudo-metric in L (X), since δ(γ1, γ2) = 0 only implies that γ1 = γ2 λ-almost
everywhere. To work in a metric space, we quotient L (X ) by the equivalence relation δ(γ1, γ2) = 0.
The resulting quotient space is denoted by L ∗(X ). δ remains well defined on L ?

2 (X ) = L ?(X )×
L ?(X ) and becomes a distance sometimes called the Fréchet-Nikodym-Aronszajn metric [96]. With
this distance, L ∗(X ) can be provided with the Borel σ-algebra BΓ := B(L ∗(X ), δ) to make it a
measurable space. A random set is then simply defined as Γ = η(U) where η : U → L ∗(X ) is
measurable with respect to BU and BΓ. The probability distribution of a random set Γ is then
defined as the push-forward probability measure of PU through η.

Examples of random set are numerous in industrial applications, especially in the context of
optimization or inversion, where determining the feasible set of solutions is crucial. In the presence
of uncertainties, this feasible set is random and can be called an excursion set as given in the
following definition.

Definition 2.5. Let g : X × U → R be a measurable function. The excursion set Γg associated
with the constraint g ≤ 0 is defined by

Γg = {x ∈ X , g(x, U) ≤ 0}.

2.3.2 A kernel between sets
Now that we have a sound framework of random sets, we want to follow the methodology of Section
2.2 but with Z = L ∗(X ) to define HSIC indices for sets. To do this, we first need a kernel on sets,
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i.e. a symmetric and positive definite function k : L ∗(X )×L ∗(X )→ R. We propose the function
kset defined by

∀γ1, γ2 ∈ L ∗(X ), kset(γ1, γ2) := e− λ(γ1∆γ2)
2σ2 ,

where σ is a positive scalar. kset is inspired by the classic Gaussian kernel, since the Lebesgue
measure of the symmetric difference is equal to the L2-norm of the difference between two indicator
functions, as shown in Lemma 2.1. This function was shown to be positive definite in [8] when
the space of sets is an indexing collection, but the proof is similar in our case. Moreover, kset is
bounded and measurable.
Proposition 2.1. The function kset : L ∗(X )×L ∗(X )→ R defined by

∀γ1, γ2 ∈ L ∗(X ), kset(γ1, γ2) = e− λ(γ1∆γ2)
2σ2 ,

is symmetric and positive definite for any positive scalar σ, which means that kset is a kernel.

Proposition 2.2. The kernel kset is bounded and measurable from L ?
2 (X ) = L ?(X )×L ?(X ) to

R.

As in Definition 2.1, this allows to define the kernel mean embedding µkset
(PΓ) of any distribution

PΓ describing the behaviour of a random set Γ. We then show that it is injective, i.e. kset is
characteristic.
Proposition 2.3. The kernel kset is characteristic.

We now have all the ingredients to use HSIC-ANOVA indices for set-valued outputs. We can
now screen the inputs through independence testing and rank them according to their influence on
the random set Γ by using either first-order or total-order HSIC-ANOVA indices, denoted here by
SHset

i and SHset

Ti
. HSIC-ANOVA indices applied to sets provide a solution for the screening and

ranking of the inputs of a set-valued model. However, to achieve these purposes, they must first be
estimated, but the presence of sets raises some difficulties.

2.3.3 Estimation of HSIC-ANOVA indices for sets
As given in Equation 2.2, HSIC (UA, Γ) can be estimated by

ĤSIC (UA, Γ) = 2
n(n− 1)

n∑
i<j

(
KA

(
U

(i)
A , U

(j)
A

)
− 1
)

kset

(
Γ(i), Γ(j)

)
,

where (U (i)
A , Γ(i)), i = 1, ..., n is an iid sample of (UA, Γ).

For set-valued models, it is common to have access only to the knowledge of whether a given
point x ∈ X is in an output set Γ or not. In terms of estimation, this means that the Lebesgue
measure of the symmetric difference and thus kset must be estimated.

For two random sets (Γ(i), Γ(j)), kset(Γ(i), Γ(j)) = e− λ(Γ(i)∆Γ(j))
2σ2 can be written as

kset(Γ(i), Γ(j)) = exp
(
−λ(X )

2σ2 E[1Γ(i)∆Γ(j)(X)|(Γ(i), Γ(j))]
)

,

where X ∼ U(X ) using that λ(Γ) = λ(X )EX∼U(X )[1Γ(X)|Γ]. Then, given an iid sample (X(1), ..., X(m))
of X, we can estimate kset(Γ(i), Γ(j)) by

k̂set(Γ(i), Γ(j)) = exp
(
−λ(X )

2σ2
1
m

m∑
k=1

1Γ(i)∆Γ(j)(X(k))
)

.
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We now need to plug this estimator into our previous one, resulting in a Nested Monte Carlo (NMC)
estimator. To be compatible with the framework of NMC estimator, it is necessary for samples of
X to be drawn independently for every pair of indices (i, j) within the outer loop. Let (X(k)

i,j ) be
an iid sample of X ∼ U(X ), with k ∈ {1, ..., m} and (i, j) ∈ {1, ..., n}2 s.t. i < j. Including the
previous estimation of the kernel kset, the NMC estimator of HSIC(UA, Γ) becomes

ĤSIC
nest

(UA, Γ) = 2
n(n− 1)

n∑
i<j

(
KA

(
U

(i)
A , U

(j)
A

)
− 1
)

e− λ(X )
2σ2

1
m

∑m

k=1
1Γ(i)∆Γ(j) (X

(k)
i,j

). (2.4)

Note that this estimator is biased like any NMC estimator (see [132]). For each pair (Γ(i), Γ(j)),
the previous estimator requires checking whether X

(k)
i,j ∈ Γ(i)∆Γ(j) for each k ∈ {1, ..., m}. Each of

these checks requires checking whether X
(k)
i,j ∈ Γ(i) and X

(k)
i,j ∈ Γ(j), corresponding in the example

of excursion sets, to compute g(X(k)
i,j , U

(i)
A ). This means n(n − 1)m evaluations to estimate the

index, which is not affordable. To solve this problem, we propose to reuse the same X(k) for each
(i, j). By doing so, we only need to test whether X(k) ∈ Γ(i) for each k and i, reducing the number
of evaluations to nm. The estimator is then given by

̂̂HSIC (UA, Γ) = 2
n(n− 1)

n∑
i<j

(
KA

(
U

(i)
A , U

(j)
A

)
− 1
)

e− λ(X )
2σ2

1
m

∑m

k=1
1Γ(i)∆Γ(j) (X(k)).

By simulating a single m-sample of X, ̂̂HSIC (UA, Γ) is no longer a classic NMC estimator. Nev-
ertheless, we show that its quadratic risk goes to 0 and we give an upper bound.

Proposition 2.4. With the previous notations, we have

E
(
̂̂HSIC (UA, Γ)−HSIC(UA, Γ)

)2
≤ 2

(
2σ2

1
n(n− 1) + 4(n− 2)σ2

2
n(n− 1) + L2σ2

3
m

)
,

where

• σ2
1 = V ar

((
KA

(
UA, UA

′)− 1
)

kset(Γ, Γ′)
)
,

• σ2
2 = V ar

(
E
[(

KA

(
UA, UA

′)− 1
)

kset(Γ, Γ′)|(Γ, UA)
])

,

• σ2
3 = E

[(
KA

(
UA, UA

′)− 1
)2 Var

(
1Γ∆Γ′(X)|(UA, UA

′, Γ, Γ′)
)]

,

• L = λ(X )
2σ2 ,

and where (UA
′, Γ′) is an independent copy of (UA, Γ).

The quadratic risk has a rate of O( 1
n

+ 1
m

), which tends to say that we should use n = m.
In the case of the classic NMC estimator (see [131]), corresponding here to not reusing the same
samples of X, the rate is O( 1

n
+ 1

m2 ) as shown in the Supplementary Materials. However, even
if the convergence rate is better, the number of evaluations required is (n− 1) times larger, which
makes our choice to use the same sample of X more efficient. Since the previous result is only an
upper bound, we can also hope to get closer to a O( 1

n
+ 1

m2 ) convergence rate in the application
tests. That is, we can expect to have achieved convergence of our estimator without having to
take high n and m. This will be highlighted in the numerical results presented in the next section.
By plugging the estimator ̂̂HSIC, we denote ˆ̂

SHset
i and ˆ̂

SHset

Ti
the estimators of the first-order and

total-order HSIC ANOVA indices on sets.
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2.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this part, our goal is to quantify the influence of the inputs U on different excursion sets Γg

(defined in Definition 2.5). To do this, we will consider three test cases. We first consider an
analytically known function g defined on X ⊂ R2 and U ⊂ R2, borrowed from [33]. In this first toy
case, we will also study numerically the quadratic risk bound given in Proposition 2.4. The second
test case is related to an optimization problem with a stationary harmonic oscillator, from [22], on
which we want to quantify the impact of some uncertain inputs on the feasible sets. In the last
case [137], a sensitivity analysis is performed in the context of a bi-objective robust optimization
of a permanent magnet-assisted synchronous reluctance machine for electrical vehicle application.
For each example, our sensitivity analysis is performed in two steps:

• Screening: We compute the p-values associated with the test HSIC(Ui, Γg) = 0 versus
HSIC(Ui, Γg) > 0. We use permutation based estimation. If the p-value is greater than
a risk α, the input is negligible, and influential otherwise. We use α = 0.05 but this value can
be changed depending on the application.

• Ranking: We compute the first-order indices ˆ̂
SHset

i and the total-order indices ˆ̂
SHset

Ti
of all

inputs. The first-order indices ˆ̂
SHset

i are used to rank the inputs. With the total-order indices
ˆ̂
SHset

Ti
we can quantify the HSIC interaction effects.

The numerical implementation of the indices is done in the R language, using the sensitivity
package and in particular the sensiHSIC and testHSIC functions, which allows to compute HSIC-
ANOVA indices and p-values.

2.4.1 Excursion sets of a toy function
In this part, we will estimate the previous HSIC-ANOVA indices on the excursion set Γg defined
by the following function g from [33],

∀x, u ∈ [−5, 5]2 × [−5, 5]2 g(x, u) = −x2
1 + 5x2 − u1 + u2

2 − 1.

Visual conjecture (Figure 2.2) shows that u2 seems to induce more changes in Γg than u1. To verify
this assumption, we compute the p-values and the indices ˆ̂

SHset
i , ˆ̂

SHset

Ti
for each input Ui ∼ U([−5, 5])

for i ∈ {1, 2, 3}, where U3 is an additional dummy input that does not appear in the function g.
We first use n = m = 100 and then n = m = 1000. The hyperparameter σ2 of the kernel kset is
chosen to be equal to the empirical mean of λ(Γ(i)

g ∆Γ(j)
g ) with i > j. We compute the indices for

five characteristic ANOVA kernels. The first is the Sobolev kernel KSob of order 1, defined by:

KSob(x, y) = 1 +
(

x− 1
2

)(
y − 1

2

)
+ 1

2

[
(x− y)2 − |x− y|+ 1

6

]
.

The four others are obtained using the transformation given in (2.3) based on four classic kernels:
the Gaussian kernel, the Laplace kernel and the Matérn 3/2 and 5/2. For these kernels, the previous
transformation is known analytically and can be found in the Appendix of [47]. The hyperparameter
is taken to be equal to the empirical standard deviation of the inputs. Since the inputs are not
uniformly distributed on [0, 1], we apply the inverse of the cumulative distribution function, as
suggested in [25]. We repeat the estimation 20 times over 20 independent samples. The results are
shown in Figure 2.3 for n = m = 100 and in Figure 2.4 for n = m = 1000. The acceptance rates of
the independence hypothesis are given in the table on the left side of the figure, and the variability
of the indices is visualized in the boxplots on the right side.
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U1 = -5
U2 = 0

U1 = -2.5
U2 = 0

U1 = 0
U2 = 0

U1 = 2.5
U2 = 0

U1 = 5
U2 = 0

U1 = 0
U2 = -5

U1 = 0
U2 = -2.5

U1 = 0
U2 = 0

U1 = 0
U2 = 2.5

U1 = 0
U2 = 5

Figure 2.2: Excursion set of the constraint g ≤ 0 for U1 ∈ {−5, −2.5, 0, 2.5, 5} and U2 = 0 (first row) and for U1 = 0
and U2 ∈ {−5, −2.5, 0, 2.5, 5}. (second row)

With these results, we classify the inputs as influential or negligible (screening) and rank them by
influence (ranking). 100% of the p-values of U1 and U2 are below the threshold of 0.05, so they are
classified as influential. U3 has a p-value greater than 0.05 around 95% of the time, so it is correctly
identified as negligible by the independence test. The first-order and total-order indices give the
expected results that U2 has a greater influence than U1 on the excursion sets. More precisely, it
shows that U2 alone explains about 70% of HSIC(U , Γg) (depending on the input kernel), while U1
explains about 25%. The artificial input U3 is responsible for 0%, as expected. The rest is some
kind of interaction between U1 and U2. This is confirmed by looking at the total-order indices,
whose values are a bit greater than the first-order. However, this part of the interaction is not to
be interpreted as in the case of the Sobol’ indices. It is actually an open question to interpret what
kind of interactions are detected by the HSIC-ANOVA indices. This is studied in [146] in the case
of Sobolev kernels. The effect of the input kernel on the HSIC-ANOVA indices is also an open
question, and in this toy case we can say that the input kernel has a non-negligible effect on the
estimates of the p-values and the indices. However, in this case, it does not change the results of
the screening and the ranking. It also seems that the Sobolev kernel behaves differently from the
other four kernels.

Taking n = m = 1000 in Figure 2.4 reduces the variance of the indices, but was not necessary
to screen and rank the inputs. To support this comment, we compute the relative quadratic risk of
the estimator ̂̂HSIC(U1, Γg) defined by:

R(̂̂HSIC(U1, Γg)) = E

̂̂HSIC (U1, Γg)−HSIC(U1, Γg)
HSIC(U1, Γg)

2

.

We also compute the associated upper bound given in Proposition 2.4 and the upper bound for a
classic NMC estimator (with independent X

(k)
i,j for all 1 ≤ i, j ≤ n, see Equation 2.4). The "true"

value of HSIC, used to compute the quadratic risk, and the constants σ1, σ2, and σ3 are computed
for n = m = 3000. The Sobolev kernel is used as the input kernel. We plot the risk and the two
bounds in the Figure 2.5 from n = m = 30 to n = m = 500. We observe, as expected, that the
quadratic risk of the estimator is below the upper bound of Proposition 2.4, but also below the
NMC upper bound we would have by taking independent X

(k)
i,j . This example confirms that we
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Kernel U1 U2 U3

KSob 0 0 95
Kgauss 0 0 95
Kexp 0 0 95
K3/2 0 0 95
K5/2 0 0 90

(a) Acceptance rates (%) over
20 independence tests with a risk

of 5%

SHset
i SHset

Ti

U1 U2 U3 U1 U2 U3

0.00

0.25

0.50

0.75

KSob

Kgauss

Kexp

K3/2

K5/2

(b) Estimations of ˆ̂
SHset

i and ˆ̂
SHset

Ti

Figure 2.3: Acceptance rates (a) and estimation of ˆ̂
SHset

i and ˆ̂
SHset

Ti
(b) for the excursion set Γg computed for 5 kernels

with n = 100, m = 100 and repeated 20 times

have not lost too much in terms of variance of the estimator by reusing the same X(k). It also
seems that we do not necessarily need to use high values of n = m. Therefore, in the next example,
we will only compute the indices for n = m = 100.

2.4.2 Excursion sets of the optimization of an oscillator
In [22], an optimization is performed with three probabilistic constraints. We consider the first two
constraints, which are defined by the following functions :

g1(x1, x2, u1, u2, up, ur1 , ur2) = ur1 − max
t∈[0,T ]

Y ′(x1 + u1, x2 + u2, up; t),

g2(x1, x2, u1, u2, up, ur1 , ur2) = ur2 − max
t∈[0,T ]

Y ′′(x1 + u1, x2 + u2, up; t),

where Y(x1 + u1, x2 + u2, up; t) is the solution of the harmonic oscillator defined by:

(x1 + u1)Y ′′(t) + upY ′(t) + (x2 + u2)Y(t) = η(t).

The deterministic input domain is X = [1, 5]×[20, 50]. The uncertain input probability distributions
are given in Table 2.1. Ur3 is initially a random input associated with a third constraint. In our
case it will play the role of a dummy input to check if it is recognized as negligible. We study
the impact of the uncertain inputs on the excursion sets Γg1 associated with the constraint g1 ≤ 0
and on the excursion sets Γg2 associated with g2 ≤ 0. Since kernel-based methods are appropriate
for vector outputs, we also consider the case where an output is the pair of the two excursion
sets (Γg1 , Γg2), each associated with a constraint. For each case, we compute ˆ̂

SHset
i , ˆ̂

SHset

Ti
and the

associated p-values for each uncertain input with n = 100 and m = 100. We again use the output
kernel kset and kset ⊗ kset for the pairs of excursion sets. The same 5 ANOVA kernels are used as
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Kernel U1 U2 U3

KSob 0 0 95
Kgauss 0 0 95
Kexp 0 0 100
K3/2 0 0 95
K5/2 0 0 95

(a) Acceptance rates (%) over 20
independence tests with a risk of

5%

SHset
i SHset

Ti

U1 U2 U3 U1 U2 U3

0.0

0.2

0.4

0.6

0.8

KSob

Kgauss

Kexp

K3/2

K5/2

(b) Estimations of ˆ̂
SHset

i and ˆ̂
SHset

Ti

Figure 2.4: Acceptance rates (a) and estimation of ˆ̂
SHset

i and ˆ̂
SHset

Ti
(b) for the excursion set Γg computed for 5 kernels

with n = 1000, m = 1000 and repeated 20 times

Table 2.1: Definition of the uncertain inputs

Uncertainty Distribution Uncertainty Distribution
U1 U [−0.3, 0.3] Ur1 N (1, 0.12)
U2 U [−1, 1] Ur2 N (2.5, 0.252)
Up U [0.5, 1.5] Ur3 N (15, 32)

in the previous example. We repeat the estimation 20 times to again obtain the acceptance rates
and boxplots of the first-order indices given in Figures 2.6 to 2.8. The total-order indices are given
in the Supplementary Materials.

Acceptance rates tables can be used for screening and the boxplots for ranking. For the random
set associated with the constraint g1 ≤ 0 (Figure 2.6), only Ur1 is always detected as influential. U1
is also detected as influential most of the time (with an acceptance rate of about 20%), and Up is
detected as influential only 40% of the time. Between these three inputs, Ur1 is much more influen-
tial, since ˆ̂

SHset
r1

≈ 80%. Then U1 and Up are responsible for about 10% and 3% of HSIC(U , Γg1).
For the second constraint g2 ≤ 0 (Figure 2.7), only U1 and Ur2 are influential with their first-order
index of about 10% and 80%, respectively. If we consider the pair of the two random sets (Figure
2.8), we get a kind of compromise between the two previous cases: U1, Ur1 and Ur2 are always
recognized as influential. In terms of ranking, Ur1 and Ur2 have almost the same influence, with
their first-order index around 40% and U1 remaining around 10%. It is important to note that
considering pairs of random sets is completely different from considering the random set associated
with the pair of constraints, denoted Γ(g1,g2), i.e., the intersection of the two sets. The results of
the latter are shown in the Supplementary Materials and are indeed very different from the results
in Figure 2.8. In this test case, we observe that the choice of the input kernel has a limited impact
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R(̂̂HSIC(U1, Γg))
NMC upper bound
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Figure 2.5: Evolution of R(̂̂HSIC(U1, Γg)) and of the associated upper bounds for the excursion set Γg

on the indices. Regardless of the stage of screening or ranking, the conclusions remain the same for
the five kernels.

2.4.3 Sensitivity analysis for robust conception of an electrical machine
In [137], a sensitivity analysis is performed in the context of robust conception of an electrical
machine. The studied machine is a permanent magnet assisted synchronous reluctance motor
which is one of the most used machines nowadays in electrical vehicles. The purpose of the authors
is to take into account the uncertainties (manufacturing and assembly tolerances) on geometric and
magnetic parameters of the machine components in the optimization of the mean torque (to be
maximized) and the torque ripples (to be minimized). The resulting optimization problem is the
following

min
x∈X

(E [f1(x, U)] ,E [f2(x, U)])

where f1 and f2 are two real-valued objective functions defined on X ⊂ R12 (respectively the
opposite of the mean torque and the torque ripple) and U ⊂ R14. 12 of the 14 uncertain inputs are
manufacturing tolerances on each x, summarized in Table 2.2, where, for example, ±0.1◦ means
that the slot angle uncertainty U1 follows a uniform law on [−0.1, 0.1]. The other two, U13 and U14,
describe the magnetic material properties and follow uniform distributions on [−1, 1].

The purpose of our study is to screen and rank the uncertain parameters according to their
impact on the quantities of interest in this optimization. Since we want to minimize an objective
function, we are interested in quantifying the effect of U on sets where the objective function takes
low values. This can be done by looking at the random set of the form Γf1 = {x ∈ X , f1(x, U) ≤ q1},
where q1 is a threshold to be selected. It quantifies the effect of U on the sets where f1 is below q1,
but does not take into account the variations of f1 within this low-valued region. For this reason,
we propose to look at the effect of the uncertain inputs on the set ΓF1 defined by ΓF1 = {(x, x13) ∈
X × [fmin

1 , q1], x13 ≤ f1(x, U)} where fmin
1 is a lower bound to only consider sets of low values of

f1. This also corresponds to the excursion set associated with F1 : X × [fmin
1 , q1]×U → R defined
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Kernel U1 U2 Up Ur1 Ur2 Ur3

KSob 15 95 55 0 100 90
Kgauss 15 100 60 0 100 95
Kexp 25 90 60 0 100 95
K3/2 15 90 60 0 100 95
K5/2 15 100 60 0 100 95

(a) Acceptance rates (%) over 20 independence tests
with a risk of 5%

SHset
i

U1 U2 Up Ur1 Ur2 Ur3
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(b) Estimations of ˆ̂
SHset

i

Figure 2.6: Acceptance rates (a) and estimation of ˆ̂
SHset

i (b) for the excursion set Γg1 computed for 5 kernels with
n = 100, m = 100 and repeated 20 times

by F1(x, u) = x13 − f1(x−13, u). ΓF2 is defined similarly.
We study three different cases : sensitivity analysis on ΓF1 , on ΓF2 , and on the pair of excursion

sets (ΓF1 , ΓF2). We use the thresholds −q1 = 420 N.m and q2 = 7% where lies the Pareto front in
Figure 9 of [137]. For these three cases, we take n = m = 100 and use only the Sobolev kernel.
With 20 replicates, the acceptance rates with a risk of 0.05% are given in Table 2.3 and the boxplots
of the first-order indices are plotted in Figure 2.10.

Table 2.3 shows that the inputs influencing the excursion sets ΓF1 and ΓF2 are different. Only U13
and U14 are always tested as influential for ΓF1 and U2, U3, U5 and U13 for ΓF2 . They correspond
to the most influential inputs in Figure 2.10 and can be ranked. For example, U2 has the largest
influence on ΓF2 , followed by U13, U3 and U5. Detected about 95% of the time as independent of the
output, U2, U4, U6, U7, U9, U10, U12 for ΓF1 , and U6, U9, U11 for ΓF2 could be removed to simplify
each model. The remaining inputs have an acceptance rate between 15% and 85%, which means that
they are sometimes classified as independent and sometimes not. They correspond to inputs that
have a small effect on the output, as can be observed in Figure 2.10. By taking the pair of the two
sets, the influential inputs are the one that were influential on at least one of the sets. This results
in five dominant inputs that can be ranked by their first order index: U13 � U14 � U2 � U3 � U5.
The results associated to the excursion sets of the forms Γfi

= {x ∈ X , fi(x, U) ≤ qi} are similar
in this case and given in the Supplementary Materials.

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this paper, we propose a method to perform sensitivity analysis on set-valued outputs through
kernel-based sensitivity analysis, which relies on the choice of a kernel between sets. We introduce
the kernel kset, which is based on the symmetric difference between two sets. We show that it is
characteristic, which is an essential property for performing screening. We then adapt the recent

46



Ch
ap

te
r2

Ch
ap

te
r2

Ch
ap

te
r2

Kernel U1 U2 Up Ur1 Ur2 Ur3

KSob 0 100 95 95 0 95
Kgauss 0 100 95 95 0 95
Kexp 0 100 95 100 0 95
K3/2 0 100 95 100 0 95
K5/2 0 100 95 95 0 95

(a) Acceptance rates (%) over 20 independence tests
with a risk of 5%
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Figure 2.7: Acceptance rates (a) and estimation of ˆ̂
SHset

i (b) for the excursion set Γg2 computed for 5 kernels with
n = 100, m = 100 and repeated 20 times

HSIC-ANOVA index to set-valued outputs and introduce an efficient estimator. Finally, we compute
the indices on three test cases including a real application for robust design of electrical motor. The
proposed method allows to screen and rank the uncertain inputs according to their impact on the
excursion sets. For future research, it could be interesting to find and study other set-valued output
kernels. Other types of approaches to perform sensitivity analysis for sets could also be investigated,
such as using universal indices from [37], or by using classic random set theory from [105].

In the context of robust optimization, the presented method and especially the screening results
could be used to reduce the dimension of the uncertain space by quantifying the impact of uncertain
inputs on the optimization constraints. Reducing the dimension of the uncertain space can then
be useful to reduce the computational cost of a joint space metamodel that could be used within a
Bayesian optimization.

More generally, sensitivity analysis for sets can also be used when dealing with numerical codes
with set-valued outputs. This occurs in several areas: in the field of viability, where the outputs are
sets called viability kernels, or, for example, in flood risk, where the output is the map of flooded
areas.

Supplementary Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The supplementary materials given in Appendix B contain details of the proofs of Lemma 2.1 and
of Proposition 2.1 to 2.4, additional numerical results, and codes to reproduce 2.3.
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Kernel U1 U2 Up Ur1 Ur2 Ur3

KSob 0 95 60 0 0 90
Kgauss 0 100 60 0 0 90
Kexp 0 95 60 0 0 90
K3/2 0 100 60 0 0 90
K5/2 0 100 60 0 0 90

(a) Acceptance rates (%) over 20 independence tests
with a risk of 5%
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Figure 2.8: Acceptance rates (a) and estimation of ˆ̂
SHset

i (b) for the pair of excursion sets (Γg1 , Γg2 ) computed for 5
kernels with n = 100, m = 100 and repeated 20 times
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Figure 2.9: (a) Geometry of the permanent magnet assisted synchronous reluctance motor and (b) Design parameters
for one layer (# is the number of layer)

Input Lower bound Upper bound Manufacturing
parameters xmin xmax Tolerance U

Slot angle 2.47◦ 3.27◦ ±0.1◦

βL1P 1 27.03◦ 29.66◦ ±0.33◦

βL1P 2 37.03◦ 39.66◦ ±0.33◦

βL2P 1 31.03◦ 33.66◦ ±0.33◦

βL2P 2 47.03◦ 49.66◦ ±0.33◦

βL3P 1 33.7◦ 37◦ ±0.33◦

βL3P 2 59.7◦ 63◦ ±0.33◦

Airgap 0.55 mm 0.65 mm ±0.03 mm
BridgeL1 2.6 mm 2.98 mm ±0.05 mm
BridgeL2 0.9 mm 1.18 mm ±0.05 mm
BridgeL3 0.5 mm 0.62 mm ±0.03 mm

Bridgetang 0.4 mm 0.6 mm ±0.05 mm

Table 2.2: Geometrical variables (see [137] for more details)

U1 U2 U3 U4 U5 U6 U7 U8 U9 U10 U11 U12 U13 U14

ΓF1 0.40 0.90 0.75 0.90 0.75 1.00 1.00 0.40 0.90 0.90 0.85 1.00 0.00 0.00
ΓF2 0.70 0.00 0.00 0.75 0.00 1.00 0.65 0.15 0.95 0.70 0.90 0.60 0.00 0.40
(ΓF1 , ΓF2) 0.25 0.00 0.05 0.90 0.05 1.00 0.95 0.10 0.85 0.75 0.80 0.75 0.00 0.00

Table 2.3: Acceptance rates (%) over 20 independence tests with a risk of 5% for the excursion sets ΓF1 , ΓF2 and the
pair (ΓF1 , ΓF2 ) with −q1 = 420 N.m and q2 = 7% computed with the Sobolev input kernel and with n = 100, m = 100.
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Figure 2.10: Estimation of ˆ̂
SHset

i for the excursion sets ΓF1 , ΓF2 and the pair (ΓF1 , ΓF2 ) with −q1 = 420 N.m and
q2 = 7% computed with the Sobolev input kernel and with n = 100, m = 100. 20 replicates.
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Fellmann N, Pasquier M, Blanchet-Scalliet C, Helbert C, Spagnol A, Sinoquet D. Sensitivity
analysis for sets: Application to pollutant concentration maps. Qual Reliab Eng Int. 2024; [36]

Abstract
We are motivated by the field of air quality control, where one goal is to quantify the impact of
uncertain inputs such as meteorological conditions and traffic parameters on pollutant dispersion
maps. Sensitivity analysis is one answer, but the majority of sensitivity analysis methods are de-
signed to deal with scalar or vector outputs and are badly suited to an output space of maps. To
address this problem, we propose a generic approach to sensitivity analysis of set-valued models.
This approach can be applied to the case of maps. We propose and study three different types of
sensitivity indices. The first ones are inspired by Sobol’ indices, but adapted to sets based on the
theory of random sets. The second ones adapt universal indices defined for a general metric output
space. The last set indices use kernel-based sensitivity indices adapted to sets. The proposed meth-
ods are implemented and tested to perform an uncertainty analysis for a toy excursion set problem
and for time-averaged concentration maps of pollutants in an urban environment.

Keywords: Random sets, HSIC-ANOVA indices, universal indices, pollutant dispersion
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3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In modern scientific research, the increasing complexity of numerical models requires effective meth-
ods for analysis and simplification. Sensitivity analysis is one of the answers to both analyze and
simplify the model by measuring the effect of inputs on outputs. A significant challenge arises when
the nature of the model output itself is complex, such as images, functions, and sets.

This study focuses on sets, and aims to propose and compare methods for performing sensitivity
analysis when dealing with set-valued outputs. Sets appear in various contexts, such as optimization
and inversion with excursion sets, viability theory, and others. Sets also provide a versatile tool
for generalizing a variety of output types, including functional outputs, by replacing the functional
output with its hypograph (or epigraph), i.e., the sets of points below (or above) its graph.

Initially, sensitivity analysis methods focused primarily on models with scalar inputs and outputs.
Standard methods such as the Morris analysis [109] and the Sobol’ index [153] were widely used
to evaluate the variation of outputs in response to variations in input parameters. To deal with
complex outputs, new advanced sensitivity analysis techniques have emerged. For example, Sobol’
indices have been generalized for vectorial and functional outputs [43]. However, the latter uses a
truncated expansion of the functional output to then reuse the proposed index on vectorial outputs,
which implies a loss of information. In [127], the authors propose a method to perform a global
sensitivity analysis in the case of spatial output through functional principal component analysis.
[141] also performs sensitivity analysis for spatial outputs by computing maps of sensitivity indices.
In [37], the authors propose universal sensitivity indices that can be computed in any metric output
space. The more recent indices based on the Hilbert-Schmidt Independence Criterion (HSIC) were
also originally defined for scalar and vector inputs and outputs (see [51, 24]), but are much more
permissive and can be extended to arbitrary outputs as long as a kernel is defined on the output
space. For example, HSIC-based indices have been used for probability distribution outputs in [25].
The consideration of set-valued outputs for sensitivity analysis has received very little attention
in the literature. In a previous work [35], we proposed a kernel on sets to perform kernel-based
sensitivity analysis of set-valued models, noted Hset in the following.

The first goal of this paper is to propose alternative indices for set-valued models. A first
alternative approach is based on the universal index mentioned above, as it is designed to be usable
in any output space. We propose to adapt this index to an output space of sets. Recognizing
that set outputs are essentially random sets due to the randomness of the inputs, we can draw
on the theory of random sets [105], which defines analogs of traditional statistical measures such
as expectation, median, and variance. This theoretical framework allows us to derive a second
sensitivity indices similar to the Sobol’ indices, but based on the theory of random sets.

The second objective of this paper is to compare these two new indices and Hset in terms of
interpretability, ease of use and precision. Apart from a toy function, this comparison will be
made in the case of a pollutant concentration map model that produces two-dimensional maps.
This model was developed in [124, 123], where the authors, for lack of relevant tools, perform a
pointwise sensitivity analysis to catch effect of input randomness.

The paper is organized as follows. Section 3.2 presents the pollutant concentration map model
as a motivating test case and preliminary sensitivity analysis results. Section 3.3 is dedicated to the
presentation of new set-based SA indices: sensitivity analysis indices based on random set theory
and universal indices from [37] adapted set-valued outputs. The Hset indices of [35] are also recalled.
Section 3.4 presents the results of the computation of these three different indices on a toy case
and on the pollutant concentration map model. Finally, the indices are compared in Section 3.5 to
draw some conclusions.
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3.2 Motivating test case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Air quality and the dispersion of atmospheric pollutants are key issues addressed by the emerging
discipline of urban physics. Using Computational Fluid Dynamics (CFD) as a tool, this branch of
physics simulates the dispersion of pollutants to support urban planning and emergency decision
making. In [124], a complete modeling chain has been developed to simulate traffic-related pollutant
dispersion at the local urban scale. The method combines a microscopic traffic simulator with a
physical engine model to estimate realistic road emissions, which are used as input to a CFD code to
model unsteady atmospheric dispersion and compute two-dimensional time-averaged concentration
maps at ground level. A presentation of this application is shown in Figure 3.1.

(a) (b)

Figure 3.1: Concentration maps from numerical CFD simulations of urban pollutant dispersion [124].
(a) Area of interest, captured from OpenStreetMaps.

(b) Time-averaged map of the logarithm of the concentration, denoted 〈χ∗〉, obtained from a run of the CFD code with
realistic road emissions. In this case, the wind comes from the left.

The modeling chain outputs two-dimensional concentration maps from a set of inputs associated
with meteorological and traffic-related uncertainties. These five uncertain inputs are the incoming
wind direction θ [radians] and intensity U∞ [meters/second], together with the volume of traffic
injected into the road network in the urban geometry, q [vehicles/hour], the proportion of diesel
and gasoline engines in the fleet β [-], and the speed limit over the network, νmax [kilometers/hour].
The modeling chain with the corresponding uncertain variables is shown in Figure 3.2 and the
probability distributions associated with each variable are given in Table 3.1.

Figure 3.2: Whole modeling chain designed in [124] for the calculation of time-averaged concentration maps. The five
uncertain parameters considered are indicated below each block.
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variable distribution bounds parameters
θ truncated normal [5; 10] [rad] µ = 0.7, σ = 0.5

U∞ truncated normal [−0.35; 1.75] [m/s] µ = 8, σ = 2
q truncated skewed normal [100; 500] [vehicle/h] ξ = 450, ω = 100, α = −3
β uniform [0; 1] [-] -

νmax uniform [30; 50] [km/h] -

Table 3.1: Probability distributions and associated parameters for the five uncertain pollutant dispersion variables

To have access to a cheaper model, we construct a metamodel of the entire modeling chain using
a combination of Principal Component Analysis and Gaussian Process Regression (GPR), known
in the literature as POD-GPR [56, 116, 101]. The metamodel is trained on a Latin Hypercube
Sampling (LHS) design of experiments of 150 expensive CFD simulations – each simulation requires
about 7 hours of computational time on 960 cores on the high performance computing facility of
IFP Energies Nouvelles – and validated on a set of 85 additional simulations. A global coefficient
of determination, defined as in [116], is computed to quantitatively evaluate the predictivity of the
POD-GPR metamodel, which reaches about 86%. The lack of predictivity is related to residual
noise in the numerical simulation results due to the difficult statistical convergence of the time-
averaged concentration fields in CFD simulations.

With this cheaper model, the effect of the inputs on the output maps can be quantified by
performing a sensitivity analysis of the model. The simplest approach consists in performing a
pointwise sensitivity analysis, i.e. to compute the Sobol’ indices (the fraction of output variance
explained by an input) at each pixel of the map, resulting in the five Sobol’ indices maps shown in
Figure 3.3.

Figure 3.3: Two-dimensional maps of pointwise first-order Sobol’ indices for time-averaged pollutant concentrations
estimated by quasi-Monte-Carlo using 210 sample points and Halton sequences.

The information provided by such two-dimensional maps can be aggregated into scalar values.
To do this, each Sobol index (associated with a given location) is weighted by the fraction of the
total output variance explained at that location. This weighted sum results in generalized Sobol’
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indices, which correspond to the vectorial Sobol’ indices defined in [43]. The resulting indices are
given in Table 3.2. They show that the wind angle (θ) and the proportion of diesel engines in the

Sgen
θ Sgen

U∞
Sgen

q Sgen
β Sgen

νmax

5.48× 10−1 4.47× 10−2 7.56× 10−4 3.22× 10−1 1.73× 10−2

Table 3.2: Generalized first-order Sobol’ indices for each uncertain variable from two-dimensional sensitivity maps,
estimated with 210 sample points from Halton sequences.

fleet (β) contribute to most of the variance of the concentration field. The generalized indices reach
about 55% and 32% for these two variables respectively, while the other indices fall below 10%,
and in particular the value of Sgen

q is very close to zero, showing that the traffic volume q is not
influential in this study. The two-dimensional Sobol’ maps highlight the fact that the sensitivity
to the two dominant variables varies depending on the location in the urban neighborhood: thus,
if one chooses to focus the analysis on a specific part of the domain - e.g. a specific building such
as a hospital or a primary school - a different hierarchy among the variables can be deduced. In
[123], a second analysis is also performed by fixing θ and β to their mean values and evaluating the
Sobol’ maps for the three remaining variables. This shows that the wind intensity dominates over
the speed limit (with a generalized index of about 70% for the former and 30% for the latter) and
the traffic volume remains negligible. It can also be observed that the indices sum to about 95%,
which means that there are almost no interactions between the inputs.

Although this sensitivity analysis is performed point by point of the pollutant concentration map,
it allows a first screening of the influencing variables and, in particular, generalized indices allow
a quantitative ranking of the inputs. However, the previous approach doesn’t use the geometry of
the problem and treats the output as a vector. We propose an alternative approach by considering
the hypographs Γu of the map-valued model Φ : u = (θ, U∞, q, β, νmax) 7→ Φu(x1, x2) defined as

Γu = {(x1, x2, c) ∈ X , c ≤ Φu(x1, x2)} , (3.1)

where X = D×P with D = [xmin
1 , xmax

1 ]× [xmin
2 , xmax

2 ] and P = [cmin, cmax] the range of possible
pollutant concentrations. The next section presents three different indices to perform a sensitivity
analysis of such set-valued models.

3.3 New sensitivity analysis indices for sets-valued outputs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

To remain general, let Ψ be any set-valued model, i.e. a measurable function defined by:

U −→ L(X )
Ψ : u 7→ Γu

where U = U1 × ...×Up ⊂ Rp is the uncertain input space and L(X ) is the space of Lebesgue mea-
surable subsets of a compact subset X of Rd. For example, such models can represent hypographs
as in Equation 3.1 or excursion sets defined as Ψ(u) = {x ∈ X , g(x, u) ≤ 0}. As in many sensitiv-
ity analysis frameworks, the inputs are assumed to be a random vector U = (U1, ..., Up) ∈ U with
independent components. It is defined on a probability space (Ω,F ,P) with known distributions

PU =
p⊗

i=1
PUi

. Γ = Ψ(U) is then a random set whose randomness comes from the inputs U . For

estimation purposes, X is discretized with a grid of m points called (x(1), ..., x(m)). This allows the
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volume λ(A) of A ∈ L(X ) to be estimated by

λ̂m(A) = 1
m

m∑
k=1

1A(x(k)).

Let also (U (i), Γ(i)), i = 1, ..., n be an independent and identically distributed (i.i.d.) sample of
(U , Γ).

3.3.1 Sensitivity analysis based on random set theory
Working with sets instead of scalars or vectors makes the study of random elements much more
difficult. For example, expectations and variance are not easy to define. In [105], a complete theory
of random sets is developed with definitions of expectations, medians and deviations of random
sets. In particular, based on the Vorob’ev’s median and deviation, we propose to define indices
inspired by Sobol’ indices but adapted to random sets.

When dealing with a scalar output Y , first-order Sobol’ indices Si can be defined by :

Si = 1− E [Var[Y |Ui]]
Var Y

.

Here we want to define similar indices, but for set-valued outputs. To do this, we propose to
replace the variance with the Vorob’ev median deviation, which is a possible adaptation of the
median deviation to random sets. This requires defining the Vorob’ev median and the Vorob’ev
median deviation, but also defining a Vorob’ev conditional median deviation.

Definition 3.1 (Vorob’ev median). The Vorob’ev median Q0.5(Γ) of a random set Γ is defined as
the set of points whose probability of being in Γ is at least 0.5, i.e.

Q0.5(Γ) = {x ∈ X , P(x ∈ Γ) ≥ 0.5}

The Vorob’ev median corresponds to the set of points that are "often enough" in the random set.
It is illustrated in Figure 3.4a on a toy function.

Using the Vorob’ev median, the Vorob’ev Median Deviation is defined as the Vorob’ev deviation
between the random set and its median. We propose a conditional version of the Vorob’ev Median
Deviation.

Definition 3.2. The Vorob’ev Median Deviation of a random set Γ, denoted by VMD(Γ), is defined
by:

VMD(Γ) = E[λ(Γ∆Q0.5)].
where ∆ is the symmetric difference. The Vorob’ev conditional median deviation is the random
variable VMD(Γ|Ui) defined by:

VMD(Γ|Ui) = E[λ(Γ∆Qi
0.5)|Ui]

where Qi
0.5 is the Vorob’ev Conditional median defined by:

Qi
0.5 = {x ∈ X ,P(x ∈ Γ|Ui) ≥ 0.5}.

The Vorob’ev Median Deviation calculation is based on the calculation of the symmetric differ-
ence volume between the Vorob’ev median and samples of the random set, as illustrated in Figure
3.4b.

We can now define indices that describe the part of the Vorob’ev median deviation of a random
set that is due to an input Ui.
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(a) Vorob’ev median (hatched in black) and contour
levels of P(x ∈ Γ) with 0.5 level in black.

(b) Symmetric difference (green) between the Vorob’ev
median Q0.5 (hatched) and one sample of the random

set Γ (dots).

Figure 3.4: Example of Vorob’ev median and symmetric difference for the excursion set defined as
Γ = {(x1, x2) ∈ [−5; 5]2, g(x1, x2, U1, U2) := −x2

1 + 5x2 − U1 + U2
2 − 1 ≤ 0} with (U1, U2) of uniform distributions in

[−5; 5]2

Definition 3.3. Using the previous definition, we define a sensitivity index Si
V by:

SV
i : = 1− E [VMD(Γ|Ui)]

VMD(Γ)

= 1− E[λ(Γ∆Qi
0.5)]

E[λ(Γ∆Q0.5)]

This index quantifies the effect of Ui on the output Γ, since it’s zero if Γ and Ui are independent
(simply as Qi

0.5 = Q0.5 if Γ and Ui are independent). However, as first-order Sobol’ indices, the
converse doesn’t hold. We show in Proposition 3.1 that it is between zero and one, as desired for
sensitivity indices. The interpretation is close to a fraction of the total deviation explained by an
input. However, there is no decomposition of the indices and no guarantee that their sum remains
smaller than 1.

Proposition 3.1. 0 ≤ SV
i ≤ 1

Proof. It is clear that Si
V ≤ 1. To show that it is non-negative, we use the tower property of the

conditional expectation on the numerator and the denominator :

E[λ(Γ∆Qi
0.5)]

E[λ(Γ∆Q0.5)] = EE[λ(Γ∆Qi
0.5)|Ui]

EE[λ(Γ∆Q0.5)|Ui]
.

Then we show that
E[λ(Γ∆Qi

0.5)|Ui] ≤ E[λ(Γ∆Q0.5)|Ui] almost surely,
using that the Vorob’ev median minimises the deviation for all measurable sets (see Proposition
2.4 of [105]). Finally by taking the expectation we conclude that SV

i is non-negative.

The estimation of SV
i is done by a double loop, since we do not know a cheaper estima-

tor. Let U
(j)
i , j ∈ (1, n) be n independent copies of a given input Ui, the conditional median

Qi
0.5(U (j)

i ) = {x ∈ X ,P(x ∈ Γ|Ui = U
(j)
i ) ≥ 0.5} is estimated by independently drawing another
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sample U
(j,l))
−i , l ∈ (1, n) of U−i and evaluating the output sets Γl(U (j)

i ) = Ψ(U (j)
i , U

(j,l)
−i ). The

estimator of the conditional Vorob’ev median can then be derived:

Q̂i
0.5(U (j)

i ) := {x ∈ X ,
1
n

n∑
l=1

1Γl(U
(j)
i

)(x) ≥ 0.5}.

Then SV
i is estimated by:

S̃V
i = 1−

∑n
j=1 λ̂m(Γ(j)∆Q̂i

0.5(U (j)
i ))∑n

j=1 λ̂m(Γ(j)∆Q̂0.5)
, (3.2)

where Γ(j) = Ψ(U (j)
i , U

(j)
−i ).

3.3.2 Universal sensitivity indices
In this second part, we propose to adapt universal indices from [37]. In the latter paper, the authors
define indices that can be applied to any metric output space. In a context of set-valued outputs,
we propose to define the following indices:

Definition 3.4.

SUniv
i (γ,Q) =

∫ 1
0 VarE [λ(Γ∆γa) | Ui] dQ(a)∫ 1

0 Var (λ(Γ∆γa)) dQ(a)
.

where (γa)a∈[0,1] ⊂ X is a collection of test sets parameterised by a ∈ [0, 1] and Q is a probability
distribution on [0, 1] to choose.

The idea behind these indices is to quantify the effect of inputs on multiple scalar transformations
of the set-valued output, rather than on the set-valued output itself. In our case, the scalar in
question is the volume of the symmetric difference between the output set and a collection of test
sets. Regarding the choice of test sets, we propose to use and compare different families of sets.
To stay general, X is rescaled to [0, 1]d centered on x0 = (1

2 , ...,
1
2). Four families of test sets are

defined on [0, 1]d:

• Centered balls: γa = B(x0, a) with Q ∼ U([0,
1
2 ])

• Centered squares: γa = {x ∈ [0, 1]d, ||x− x0||∞ ≤ a} with Q ∼ U([0,
1
2 ])

• Slices along the i-th dimension: γi
a = {x ∈ [0, 1]d, xi ≤ a} with Q ∼ U([0, 1])

• Vorob’ev quantiles: γa = {x ∈ [0, 1]d,P(x ∈ Γ) ≥ a} with Q ∼ N (1
2 , σ2) or Q ∼ U(0, 1)

Balls and squares are designed to be simple sets independent of models. Slices may be appropriate
when a direction corresponds to a quantity of interest, as is the case in the pollutant model. Finally,
Vorob’ev quantiles test sets use the geometry of the model by comparing the random sets with its
quantiles. However, they must be estimated. Examples of symmetric difference with balls and sets
are given in Figure 3.5.

Similar to Sobol’ indices, the contribution of each input and their interactions can be decomposed
to rank the inputs. The decomposition can be obtained by taking the Sobol-Hoeffding decompo-
sition of Var (λ(γ∆γa)) for each a and then summing for 0 to 1 with respect to the measure Q.
An independence test is not accessible, mainly because the family of all transformations does not
necessarily characterize the whole distribution of the set-valued output. However, screening can
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(a) Symmetric difference (in green) between one sample
of the random set (dots) and a ball of radius 3.5

(hatched).

(b) Symmetric difference (in green) between one sample
of the random set (dots) and a square of side 3

(hatched).

Figure 3.5: Example of symmetric differences with ball and square test sets for the excursion set defined as
Γ = {(x1, x2) ∈ [−5; 5]2, g(x1, x2, U1, U2) := −x2

1 + 5x2 − U1 + U2
2 − 1 ≤ 0} with (U1, U2) of uniform distributions in

[−5; 5]2

still be done, either by keeping only the inputs above a certain threshold, or by keeping the first
inputs in the ranking.

After selecting the test sets and the law Q, these indices can be estimated in a similar way to
Sobol’s indices. We use a rank-based estimator, which is recalled in [37]. Plugging in the volume
estimation, the estimator ŜUniv

i of SUniv
i is given by the ratio between

Ŝnum = 1
Na

Na∑
l=1

 1
n

n∑
j=1

(
λ̂m(Γ(j)∆γal

)
)(

λ̂m(Γ(Ni(j))∆γal
)
) (3.3)

− 1
Na

Na∑
l=1

 1
n

n∑
j=1

(
λ̂m(Γ(j)∆γal

)
)2

and,

Ŝden = 1
Na

Na∑
l=1

 1
n

n∑
j=1

(
λ̂m(Γ(j)∆γal

)
)2
− 1

Na

Na∑
l=1

 1
n

n∑
j=1

(
λ̂m(Γ(j)∆γal

)
)2

, (3.4)

where (al) is an iid sample of the law Q and Ni(j) is the index in the sample (U l
i ) that comes after

U j
i when (U l

i ) is sorted in ascending order (see [42] for details).

3.3.3 HSIC-based sensitivity analysis
Sensitivity analysis based on measures of dependence consists in examining the influence of an input
Xi on an output Y by measuring their mutual dependence. This is done by computing a distance
between the joint distribution PXi,Y and the product of their marginal distributions PXi

⊗ PY .
If this distance is zero, then Xi and Y are independent, i.e. Xi has no effect on Y . A popular
measure of dependence is the Hilbert-Schmidt Independence Criterion (HSIC). It works by selecting
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appropriate input and output kernels, and then measuring the squared distance between the mean
embeddings of PXi,Y and PXi⊗PY in the corresponding Reproducing Kernel Hilbert Space (RKHS),
see [51] for a proper definition of the tools needed to define the HSIC. This calculation can be done
with only one sample, which is one of the reasons why HSICs have gained popularity.

If a characteristic kernel is available on any space, i.e. a kernel whose mean embedding in the
RKHS is injective, then HSIC-based indices can be used. Consequently, their use is appropriate
for sensitivity analysis of set-valued models. In [35], we introduced a kernel kset defined on sets,
which is shown to be characteristic. It is then used to define HSIC-based indices on sets. The latter
definition requires

• a characteristic kernel on L(X ). The proposed kernel is

kset(γ1, γ2) = exp
(
−λ(γ1∆γ2)

2σ2

)
∀γ1, γ2 ⊂ X ,

where σ2 is a normalization constant.
• p characteristic kernels Ki on the input space Ui. As shown in [25], an ANOVA-like decom-

position of HSIC exists if the input kernels are ANOVA, i.e. that can be written as 1 + ki,
where ki is a kernel whose induced RKHS consists of zero-mean functions. Sobolev kernels
are the most commonly used kernels that fulfil these requirements. Furthermore, classic char-
acteristic kernels can be modified to become ANOVA. We will compare five different input
ANOVA kernels based on the the following kernels:

– the Sobolev kernel of order 1, ksob(x, y) = 1 + (x− 1
2)(y− 1

2) + 1
2[(x− y)2− |x− y|+ 1

6]

– the Gaussian kernel, krbf (x, y) = e
− 1

2

(
x−y

σ

)2

with σ > 0,
– the Laplace kernel, kexp(x, y) = e− |x−y|

h with h > 0,

– the Matérn 3/2, k3/2(x, y) =
(

1 +
√

3 |x− y|
h

)
e−

√
3 |x−y|

h with h > 0,

– the Matérn 5/2, k5/2(x, y) =
(

1 +
√

5 |x− y|
h

+ 5
3
|x− y|2

h2

)
e−

√
5 |x−y|

h with h > 0.

The Sobolev kernel is already ANOVA, whereas the four additional kernels are adapted to be
ANOVA (see [47] for the detailed transformation).

Definition 3.5. With the previous kernels, HSIC-based indices on sets are defined by

∀i ∈ {1, ..., p}, SHset
i := Hset(Ui, Γ)

Hset(U , Γ) ,

where
Hset(Ui, Γ) = E

[
(Ki(Ui, Ui

′)− 1)kset(Γ, Γ′)
]

,

Hset(U , Γ) = E [(K(U , U ′)− 1)kset(Γ, Γ′)] ,

with

K =
p⊗

j=1
Kj ,

and (U ′, Γ′) an independent copy of (U , Γ).

Since these indices are zero if and only if the considered input Ui and the output Γ are inde-
pendent, they are suitable for screening. Independence tests can be performed for each input Ui

:
(Hi

0) : HSIC(Ui, Γ) = 0 versus (Hi
1) : HSIC(Ui, Γ) > 0.
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Associated p-values can be computed to screen the inputs. Thanks to the ANOVA decomposition
the inputs can also be ranked by their impact based on the value of each index.

The indices are estimated using:

̂̂Hset (Ui, Γ) = 2
n(n− 1)

n∑
j<l

(
Ki

(
U

(j)
i , U

(l)
i

)
− 1
)

exp(−λ(X )
2σ2 λ̂m(Γ(j)∆Γ(l))). (3.5)

P-values associated with the independence test can be computed with different estimation methods
(see [154] for the example of asymptotic estimation).

3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Each of the three previously introduced indices is computed, studied and analysed in two different
situations. First we are interested in the excursion set Γ = {x ∈ [−5, 5]2, g(x, U) ≤ 0} associated
with the toy function g defined by :

∀(x1, x2, u1, u2) ∈ [−5, 5]4, g(x1, x2, u1, u2) = −x2
1 + 5x2 − u1 + u2

2 − 1,

with U1, U2 and a dummy variable U3 of uniform distributions on [−5, 5]. Then the indices are
computed for the set-valued model associated with the pollutant concentration map model. For
every indices, confidence intervals are estimated by bootstrap with 100 resamples.

3.4.1 Vorob'ev based indices

The index is estimated by n = 32 model evaluations per loop, resulting in a total of n2 = 1024
model evaluations. For the toy case, the results are shown in Figure 3.6. Since these indices have
no decomposition, it is difficult to justify a comparison between the value of each index. The only
possible interpretation is that an index far from zero means that the input has an effect on the
output. Here, U2 clearly has a strong effect on the output, while U1 and U3 are close to 0, implying
that they may have no effect. The confidence intervals are wide considering the number of model
evaluations. This is mainly due to the double-loop estimation method. Inspired by Sobol’s indices,
different estimation methods such as pick and freeze or rank-based estimation would greatly improve
these indices. However, they do not seem to be applicable in this scenario because the quantity
being estimated is not strictly a conditional variance.

For the pollutant case, the results are given in Figure 3.7. The intervals of β and θ do not include
zero, which means they have an effect. The other three, however, are close to 0, which means that
they may have no effect. Again, we see that the intervals are really wide considering that 1024
model evaluations are used.

3.4.2 Universal indices
We compute the universal indices with n = 1000 model evaluations and Na = 100 test sets. We
use bootstrap samples of size 0.8n = 800 without replacement because replacement introduces high
bias in rank-based estimation. The intervals are adjusted with a correction factor.

For the toy example, we use squares, balls, and Vorob’ev quantiles as test sets. The results
are shown in Figure 3.8. The results are comparable when using centered balls, centered squares.
U2 remains the most dominant input with an index value of about 85%, but U1 also affects the
output with an index of about 15%. U3 is correctly detected as negligible. The results are similar
with Vorob’ev quantiles, where the thresholds are taken uniformly at [0, 1]. The only difference
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Figure 3.6: Estimation of Si
V for the toy case with n = 100 model evaluations per loop and a confidence interval

estimated with 100 bootstrap resamples.
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Figure 3.7: Estimation of Si
V for the pollutant case with 1024 model evaluations and a confidence interval estimated

with 100 bootstrap resamples.
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Q ∼ U(0, 1)
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Q ∼ N (0.5, 0.052)

Figure 3.8: Estimation of the universal indices SUniv
i for the toy case and for four different test sets and Na = 100, with

1000 model evaluations. Confidence intervals are obtained with 100 bootstrap samples

is that part of the effect of U1 and U2 are interactions. In contrast, Vorob’ev quantiles with
Q = N (0.5, 0.052) do not detect the effect of U1. This difference shows that the choice of test
sets is crucial, as it has a strong influence on the values of the indices. This will be discussed
in comparison with the case of the pollutant concentration map. In terms of estimation, having
access to the rank-based estimation allows to have a satisfactory index variability for the considered
number of evaluations.

For the pollutant test case, we again use squares, balls, Vorob’ev quantiles with Q ∼ U(0, 1)
and Q ∼ N (0.5, 0.052) and also slices along the third dimension to get levels of concentration test
sets. The results are shown in Figure 3.9. The results are comparable when using centered balls,
centered squares, slices, and Vorob’ev quantiles with uniform thresholds. β is the most dominant
input with an index value of about 80%. The value of U∞ is about 10%, and all other inputs have
minimal impact. In contrast, with Q ∼ N (0.5, 0.052), β and θ are the most important inputs, and
U∞ also has some influence to a lesser extent. The output is clearly not affected by either q or
νmax. This difference confirms that the choice of test sets is crucial, as it has a strong influence on
the values of the indices.

Since the results of the Vorob’ev quantiles with Q ∼ N (0.5, 0.052) are the closest to the general-
ized Sobol’ indices of Table 3.2, this choice of test case seems more appropriate on this model. This
can be explained by the fact that on this model, when the threshold is near 0.5, their geometry is
similar to the realizations of Γ. Therefore, changes in Γ can be accurately detected by measuring
the volume of the symmetric difference. Conversely, it may not be fully possible to detect all vari-
ations of the random set by comparing realisations of Γ with simple sets as squares, balls or slices.
In contrast, with the toy function, simple sets seemed to be more efficient than Vorob’ev quantiles
at detecting variations of the random sets. This is consistent because in this case the realizations of
the random sets are simple enough and not much different in shape than squares or balls. The best
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Figure 3.9: Estimation of the universal indices SUniv
i for the pollutant case and for five different test sets and Na = 100,

with 1000 model evaluations. Confidence intervals are obtained with 100 bootstrap samples

choice of test sets seems to depend on the model, and in particular on its complexity. This makes
our adaptation of the universal indices for sets very unsatisfactory to be usable for any model. To
make them usable in practice, for any set-valued model, one should find the best choice of test sets
(if it exists), or investigate another choice of scalar transformation (denoted Ta in [37]), different
from the volume of the symmetric difference.

3.4.3 HSIC
We compute the indices for each input using a sample size of n = 1000. We use the five kernels
suggested in Section 3.3.3. The value of σ is taken as the empirical mean of λ̂m(Γ(j)∆Γ(l)) for j < l.

The results of the toy case are shown in Figure 3.10. We observe that the choice of the input
kernel does not significantly affect the values of the indices: regardless of the kernel chosen, U2
remain the most influential variables with an index of about 70%, U1 has an index of about 25%,
and U3 is correctly responsible for 0% of HSIC(U , Γ). These ranking results can also be used for
screening purposes. For example, you can decide to keep only the most influential inputs. However,
using HSIC-based indices ensures reliable screening by calculating the p-values of independence
tests between an input and an output. This is done in Table 3.3, where the p-values for each input
are computed by asymptotic estimation for each input kernel (see [154] for estimation details). If
the p-value is greater than 0.05, then the input has no effect on the output. Specifically, in this
case we observe that U3 is correctly detected as negligible. The chosen input kernel slightly changes
the p-values in this case, but does not affect the screening results. In other test cases, however, the
choice of kernel could affect the results, which is the main limitation of HSIC-based indices. Some
research has also been done to help with kernel selection. For example, in [32], the authors suggest
selecting the kernel that maximizes test performance. Without further investigation into the effects
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Figure 3.10: Estimation of SHset
i for the toy case for five input kernels, 1000 model evaluations. Confidence intervals

are obtained by bootstrapping with 100 resamples
.

U1 U2 U3

Ksob < 10−16 < 10−16 0.62
Krbf < 10−16 < 10−16 0.56
Kexp < 10−16 < 10−16 0.64
K3/2 < 10−16 < 10−16 0.58
K5/2 < 10−16 < 10−16 0.57

Table 3.3: Asymptotic estimation of the p-values of the HSIC-ANOVA-based independence test for the toy case with five
input kernels and 1000 model evaluations and 100 bootstrap samples.
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Figure 3.11: Estimation of SHset
i for the pollutant case for five input kernels, 1000 model evaluations. Confidence
intervals are obtained by bootstrap with 100 resamples

of kernels, the Sobolev kernel may be preferred, as it does not require a choice of hyperparameters.
For the pollutant case, the results are plotted in Figure 3.11. We observe that the effect of the

choice of the input kernel remains small again. Regardless of the kernel chosen, β and θ remain
the most influential variables (with about 40% each) and the other three inputs the least influential
(with about 10%). In terms of screening, Table 3.4 gives the p-values for each input and each kernel.
We observe that only q has a p-value above 0.05 for each kernel. In addition, a standard deviation
for q is estimated by bootstrap analysis, which is shown in the second column. We confirm that
despite this deviation, the p-values of q remain above 0.05. For the remaining four inputs, p-values
below 10−16 were obtained, and standard deviations of the same order indicate that these four
inputs are influential. The chosen input kernel slightly alters the p-values in this case, but does not
affect the screening results.

θ U∞ q β νmax

Ksob < 10−16 < 10−16 0.74± 0.6 < 10−16 < 10−16

Krbf < 10−16 < 10−16 0.76± 0.6 < 10−16 < 10−16

Kexp < 10−16 < 10−16 0.89± 0.5 < 10−16 < 10−16

K3/2 < 10−16 < 10−16 0.82± 0.6 < 10−16 < 10−16

K5/2 < 10−16 < 10−16 0.80± 0.6 < 10−16 < 10−16

Table 3.4: Asymptotic estimation of the p-values of the HSIC-ANOVA-based independence test for the pollutant case
with five input kernels and 1000 model evaluations and 100 bootstrap samples.
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Figure 3.12: Comparison of the four indices with a total budget of n = 1000 model evaluations. 100 bootstrap samples
are used to estimate confidence intervals

3.4.4 Comparison

We compare the previously introduced indices on the pollutant concentration map model. The
universal indices SUniv

i are computed using Vorob’ev quantiles as test sets. For the HSIC-based
indices, we use the Sobolev kernel. The indices are computed with a budget of about 1000 model
evaluations.

In Figure 3.12, each index is plotted with its associated confidence intervals. It is important to
note that we are plotting them together for comparison purposes only in terms of variability and
ranking/screening results. The different indices cannot be compared in terms of values, as they all
correspond to a completely different quantity. With the previous choices, the fourth indices rank θ
and β as the most influential inputs. However, there are differences in the results obtained between
the indices in terms of screening and ranking. This is expected because each index quantifies a
different effect. For example, HSIC-based indices quantify more than just the effect of the input on
the output variance and look at the entire distributions. The HSIC is the only index that allows
access to a reliable independence test, which classifies q as non-influential in the screening (according
to the p-values given in Table 3.4). For the other three indices, a possible screening method is to
select a threshold below which inputs are considered non-influential. For example, if a threshold
of 10% is chosen, then U∞, q, and νmax would be considered negligible. However, with a smaller
threshold, it would be difficult to draw conclusions because some confidence intervals overlap.
The four significant inputs identified by HSIC-based tests can be ranked confidently because their
confidence intervals do not overlap. In contrast, the ranking of the remaining inputs varies for each
index. Similar to SHset

i , SV
i places θ and β on the same level. However, θ is much more influential

than β according to the generalized Sobol’ indices, and the opposite is true for the universal indices.
The ranking is theoretically justified for all indices except SV

i , which lacks any decomposition.

68



Ch
ap

te
r3

Ch
ap

te
r3

Ch
ap

te
r3

Ch
ap

te
r3

-0.25

0.00

0.25

0.50

θ U∞ q β νmax

Sgen
i

SV
i

SUniv
i

SHset
i

Figure 3.13: Comparison of the four indices with a total budget of n = 100 model evaluations. 100 bootstrap samples
are used to estimate confidence intervals

Examining the confidence intervals, all four indices remain satisfactory with 1000 model eval-
uations, but the HSIC-based indices, and to a lesser extent the universal indices, have much less
variability. To emphasize this difference, we create an identical plot on Figure 3.13 with only 100
model evaluations (10 in each loop for SV

i ). This time, the HSIC-based indices can still be used
because they have relatively small confidence intervals. The same conclusion in terms of screening
and ranking can be reached with a single 100 sample. The universal indices can still be used in
this case, but their variability makes it possible to have non-positive indices. As for the other two
indices, it is important to note that they have not yet converged at all, making them unusable with
only 100 model evaluations.

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this paper, we introduced three indices adapted to set-valued outputs. They all allow to quantify
the effect of uncertain inputs on a set as an output, but they are constructed with very different
approaches. Based on random set theory, the first indices describe how much the inputs affect the
Vorob’ev median deviation of the output. The universal indices quantify the impact of the inputs
by measuring the variability of the random set by comparing it to test sets. And HSIC-based indices
use kernels on sets to measure the dependence between the inputs and the output. In the case of
a pollutant concentration map model, they were presented as an alternative to pointwise sensitiv-
ity analysis to reduce computational cost and implicitly account for model geometry and spacial
correlations. Although we tested the indices on only two models, we can draw some conclusions.

Generalized Sobol indices (Sgen
i ) are characterized by their ability to rank factors by ANOVA.

This method provides a clear hierarchy of importance among factors. However, its weaknesses lie
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Ranking Screening Cost Comments
Sgen

i 3 ANOVA ∼ threshold ∼ (p + 1)n 7 Pointwise influence
SV

i 7 No decompo-
sition

7 No screening
method

7 n2 (double loop) 3 Utilizes the geome-
try of the sets

SUniv
i 3 ANOVA ∼ threshold ∼ n but big confidence

intervals
7 Choice of the test
sets

SHset
i 3 ANOVA 3 Independence

test
3 n and small confi-
dence intervals

∼ Choice of kernel
7 Interpretability

Table 3.5: Indices comparison

in its computational cost and in its pointwise influence, which may overlook nuanced geographic
interactions.

Vorob’ev-based indices (SV
i ) aims at explaining the output variability in terms of random sets

but lack a decomposition property, making them unable to distinguish and compare the individual
contributions of factors. Furthermore, the lack of a screening method makes them less efficient at
identifying significant factors. Their current computational cost is also too high to be used. How-
ever, they fully exploit the geometry of the set-valued model, which makes them more interpretable.

Universal indices (SUniv
i ) also use ANOVA for ranking and are similar to generalise Sobol’ Indices

in this respect. Thanks to rank-based estimation, they also require a small amount of model
evaluations to be computed with sufficient precision. However, their major weakness lies in the
selection of appropriate test sets, on which the results depend drastically. This is a problem for our
application.

HSIC-based indices (SHset
i ) outperform in several aspects, including ANOVA ranking, indepen-

dence tests for screening They require a very small amount of data to reach an acceptable precision.
However, they lack of interpretability, since they don’t represent a part of the variance, but some
part of a distance between probability distributions. Interactions between variables can be difficult
to interpret in the HSIC decomposition. The choice of kernel can also be questioned, as it may
have a greater impact with other models. Overall, HSIC-based index seems to be the most efficient
sensitivity index for set-valued models.

The previous strengths and weaknesses of each index are summarized in Table 3.5.
The introduction of sensitivity indices for sets was originally conceived for their application to

maps. However, their utility extends beyond maps and can be effectively applied to any model with
set-valued outputs, such as sets of feasible points in mechanical engineering. While we specifically
addressed the two-dimensional case to directly handle maps, it is also worth noting that these
indices can be used with X of any finite dimension.
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Introduction

In this second part of the thesis, we return to robust optimization and aim to find x∗, defined as
x∗ = arg min

x∈K
E[f(x, U)] where K = {x ∈ X , P[g(x, U) ≤ 0] ≥ α}. (3.6)

where f and g are expensive black-box functions, x = (x1, ..., xd) ∈ X ⊂ Rd are the design inputs,
U = (U1, ..., Up) ∈ U ⊂ Rp are uncertain inputs of known probability distribution PU and α ∈ [0, 1].
Such a problem is hard to solve, especially in the context of a time-consuming objective function f
and constraint functions g = (g1, ..., gs), which limits to a small evaluation budget (in the following
fixed to 10 times the input dimension d + p).

Bayesian optimization is an efficient solution to costly black-box optimization, relying on surro-
gates of f and g fitted to a design constructed along the optimization. In the case of the optimization
problem of Eq. 3.6, the robust Bayesian optimization algorithm EFISUR, introduced in [33] and
described in Section 1.2.3.b, allows to solve (3.6) efficiently. The algorithm is described in detail in
Algorithm 1 and illustrated in Figure 3.14.

Algorithm 1 EFISUR

1: Design of Experiments (DoE) in the joint space X × U : D(t) = {(xk, uk), k = 1, . . . , t}
2: Calculate simulator responses: f (t) = (f(xk, uk))t

k=1 and g(t) = (g(xk, uk))t
k=1

3: while t ≤ maximum budget do
4: Fit GPs of f and g: F

(t)
(x,u) and G

(t)
(x,u)

5: Calculate Z(t)
x and C(t)

x

6: xt+1 = arg max
x∈X

EFIZ(t),C(t)(x)

7: ut+1 = arg min
u∈U

S(xt+1, u)

8: Calculate simulator responses at the next point
(
xt+1, ut+1)

9: Update the DoE and t← t + 1
10: end while
11: x∗ = arg min

x∈X (t)
E(Z(t)

x ) s.t. E(C(t)
x ) ≤ 0

We recall that
• F (t) and G(t) are Gaussian Processes that approximate f and g.
• Z(t)

x and C(t)
x are processes that approximate E[f(x, U)] and α− P[g(x, U) ≤ 0] defined as

Z(t)
x = EU

[
F

(t)
(x,U)

]
,

and
C(t)

x = α− PU (G(t)
(x,U) ≤ 0).
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Figure 3.14: EFISUR diagram

• At each iteration, a region of interest is determined by finding xtarg that maximizes the
Expected Feasible Improvement EFIZ(t),C(t) , defined as

EFIZ(t),C(t)(x) = E
[
max(zfeas,(t)

min − Z(t)
x , 0)

]
P
[
C(t)

x ≤ 0
]

,

where
z

feas,(t)
min = min

1≤i≤t
E
[
Z

(t)
xi

]
s.t. E

[
C

(t)
xi

]
≤ 0.

• xt+1 is fixed at xtarg and ut+1 is chosen by minimizing S(xt+1, u), a proxy of the feasible
improvement variance at xtarg when adding (xt+1, u) to the design, defined as

S(x, u) = Var
[
max(zfeas,(t)

min − Z(t)
xtarg

, 0)|F (t)
(x,u) = f(x, u)

]
× EU

[
Varω

[
1

G
(t)
(xtarg,U)

≤0|G
(t)
(x,u) = g(x, u)

]]
.

EFISUR algorithm is a powerful solution for robust optimization when the functions f and g
are expensive, as it can be done without many model evaluations. However, as the input dimension
increases, EFISUR may begin to struggle. The main reasons (presented in section 1.2.4 for any
BO algorithm) are the challenges of fitting GPs and optimizing acquisition criteria in high input
dimension, as explained in [11] and [95]. To overcome these difficulties, we propose different ways
to reduce the input dimension using sensitivity analysis methods outside or within EFISUR.

Offline approaches are based on dimension reductions outside EFISUR, so that the GPs are
fitted in low dimension. They can be compared to the work without uncertainties of [17] and
[157], where sensitivity indices (respectively interval-based sensitivity index and target HSIC-based
indices) are computed to screen the inputs before carrying out the optimization in small dimension.

Online approaches go inside EFISUR and are based on dimension reduction by Sensitivity Anal-
ysis at each iteration so that the acquisition criteria optimizations can be done in small dimension.
The proposed approaches are inspired by the work of [156], which proposes to reduce the dimension
by SA at each iteration in a generic (but without uncertainty) Bayesian algorithm. In this case,
however, we will see that the GPs are still fitted in the original high dimension.

Our methods, described by four algorithms, are first presented in Chapter 4. A toy function for
robust optimization is then constructed and analyzed in Chapter 5. The four algorithms are finally
tested and compared on this toy function and on a test case.
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4.2.1.b Discussion and perspectives 85

4.2.2 On-2steps-SA: Two-steps optimization of the acquisition functions guided by SA 86

The aim of this chapter is to present adaptations of the EFISUR algorithm using sensitivity
analysis to make it usable when the input dimension is large. This chapter presents two main
methods. The first one is based on a dimension reduction by sensitivity analysis outside EFISUR
or in-between iterations of the algorithm (Section 4.1). The second one consists in simplifying or
guiding the optimization of acquisition functions by sensitivity analysis (Section 4.2).

As previously mentioned, the EFISUR algorithm, like any Bayesian optimization method based
on Gaussian process modeling, suffers from the curse of dimensionality. As the dimension increases,
the Gaussian process regression of the functions of interest becomes more difficult. It requires many
more model evaluations to approximate the real models well enough. In EFISUR, the Gaussian
modeling is done in the joint space, which makes it even more affected by the dimension increase.
However, the larger the dimension, the more there are inputs that may have a negligible impact
on the output or on the optimizations. Such inputs may then not be needed at all for the meta-
modeling and its optimization.

In Section 4.1.1 we propose to use a goal-oriented sensitivity analysis (GOSA) to detect negligible
inputs and run EFISUR in reduced dimension. This algorithm is called Off-SA. Since a single SA
step may not be sufficient and may be risky, we also propose a second algorithm called Off-seq-SA
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which includes several intermediate steps of dimension reduction by sensitivity analysis (Section
4.1.2).

In addition to the dimensionality issues of the Gaussian process modeling, EFISUR suffers from
difficulties regarding the optimization of the acquisition functions. These optimizations require more
iterations when the dimension is large and can also be very difficult to perform since acquisition
functions can be hard functions to optimize. For this reason, we propose to incorporate dimension
reduction inside EFISUR. In the resulting algorithm, called On-SA, an online sensitivity analysis is
conducted at every iteration of EFISUR, before each of the two acquisition function optimizations
(Section 4.2.1). The acquisition functions optimization should then be much easier in reduced
dimension. The SA can however remove inputs when they seem negligible at the beginning, but
that become important when approaching the optimum. To tackle this problem, On-2steps-SA
includes another SA step on the acquisition functions to refine the selected point.

Whatever the method, we aim to keep the number of model evaluations similar to what would
be necessary to perform EFISUR. The budget is roughly 10 times the input dimension, to give an
idea. Thus, the algorithms are designed to keep the number of model evaluations small. Every
choice made to design the algorithm will be discussed after introducing each algorithm. Choice of
numerical parameters will however be left to discussed in the next chapter.

4.1 Dimension reduction by Offline Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we present two adaptations of EFISUR based on an input dimension reduction by
GOSA outside the optimization loop.

4.1.1 Off-SA : One SA step before EFISUR
The objective and constraint functions f and g are defined in the joint input space X × U of
dimension d + p, potentially large. Among these design inputs (x1, ..., xd) and uncertain inputs
(U1, ..., Up), some can have no impact on f and g leading to a much smaller effective dimension.
Moreover, some inputs may only affect the outputs without impacting the optimization results.
For example, inputs that change the value of f in areas where the constraint isn’t verified (g > 0),
or change the feasibility of points that always correspond to a high f , are inputs that are not
necessary to keep in order to optimize the functions. Moreover, if the optimization starts with
a step of metamodeling, fixing these inputs can greatly simplify the metamodeling step and its
precision. For these reasons, we propose to perform a GOSA step before EFISUR, so that it can
be performed in a lower dimension. Of course, this first SA step to reduce the dimension has a
simulation cost and part of the computational budget needs to be used. Less model evaluations
will then remain for EFISUR algorithm itself but it can be sufficient to reach the optimum in a low
dimension space. Computational time gain to fit the GPs and to optimize the acquisition criteria
are expected but can be relatively of more or less importance depending on the computational
cost of the true model. Thus, the main question of this section is: What kind of low-cost SA on
the design variables and on the uncertain variable should be used to reduce the dimension before
EFISUR?

4.1.1.a Method and algorithm
For both design and uncertain inputs, we propose to conduct a screening by GOSA to select
the inputs to keep for the optimization. However, any SA step requires an important number of
model evaluations which is not affordable in our case. Therefore, we propose to use GP regression
to estimate the indices, replacing f and g by their predicted mean µF (nSA) and µG(nSA) trained
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on a part of the budget denoted nSA. Recalling that Z(nSA)
x = EU (F (nSA)

x,U ) and C(nSA)
x = α −

PU (G(nSA)
x,U ≤ 0), we also have access to estimates of E [f(·, U)] and of α − P [g(·, U) ≤ 0] through

µZ(nSA) and µC(nSA) .

For the design inputs, we are interested in detecting which Xi are important to reduce EU [f(X, U)]
while PU [g(X, U) ≤ 0] ≥ alpha. We propose to use Target SA (TSA) indices and Conditional SA
(CSA) indices (presented in Section 1.3.1 and initially introduced in [97]), and in particular T-HSIC
and C-HSIC on the model defined as

X = (X1, ..., Xd) −→ (E, P ) = (µZ(nSA)(X), α− µC(nSA)(X)) .

where EU [f(X, U)] and PU [g(X, U) ≤ 0] are replaced by their estimation through the GPs means.
This will allow to detect which Xi is necessary to reach the feasible optimum (through T-HSIC)
but also those that are important within that range (with C-HSIC). Compared to [97], we have a
vectorial output and some adaptation is necessary.
For the TSA, as done in [157] and mentioned in Section 1.3.2, adaptation of T-HSIC for vectors is
straightforward if the goal-oriented transformation is scalar-valued. Mixing the proposed transfor-
mations of [97] and [157], we propose to use the Goal-oriented transformation h defined by

h(e, p) = exp(−max(e− q, 0)
0.2σE

) exp(−max(α− p, 0)
0.2σP

), (4.1)

where σE and σP are estimations of the standard deviations of E and P and q is fixed at the 10%
quantile of µZ(nSA)1µ

C(nSA) ≤0. The 0.2 values are chosen relying on advises given in [97]. h is
a goal-oriented transformation, since it will be equal to 1 in areas where E takes low values and
P ≥ α, and will tend to 0 otherwise. This transformation is simply the product of two scalar-valued
outputs transformations proposed in [97]. This also correspond to the L2-distance to the region of
interest taken equal to the sum of the distances to the regions of interest of each output. This leads
to the computation of

T-HSICh
k(Xi, (E, P )) = HSICk(Xi, h(E, P )),

and associated p-values pT SA
Xi

for each Xi. k is a product of 1-d classical kernels and can be adapted
(for the input kernels) if ANOVA indices are computed.
For the CSA, we will use a threshold indicator as it is the only case where p-values are accessible (see
[97]). The adaptation to two outputs can then simply be done using the product of two indicators:

w(e, p) = 1e≤q1p≥α,

where q is the same quantile. Then the indices are defined as

C-HSICw
k (Xi, (E, P )) = HSICk,(Xi,E,P )∼Pw

(Xi,E,P )
(Xi, (E, P )),

where, in the case of indicators, Pw
(Xi,E,P ) = P(Xi,E,P )|(E≤q,P ≥α). Associated p-values are denoted

pCSA
Xi

. The 2-dimensional output kernel is taken as the product of two 1 dimensional kernels.

For the uncertain inputs, we will use the indices presented in chapters 2 and 3 to quantify effects
of uncertain inputs on excursion sets. Since the most promising ones were SHset

j indices (i.e. HSIC-
ANOVA indices of excursion sets), we propose to use them to detect which Uj should be kept for
optimization. Considering the model

U = (U1, ..., Up) −→ Γµ(t) = {x ∈ X , µF (nSA)(x, U) ≤ q, µG(nSA)(x, U) ≤ 0}.

we compute SHset
j and associated p-values pUj

for each Uj . Any ANOVA input kernels can be used.
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Both SA steps allow to screen the design and the uncertain inputs by keeping the inputs which
p-value is below a risk of type I error αI prealably fixed (often at 5% or 1%) to obtain xA and uB

influential inputs where A and B are defined as

A = {i, min(pT SA
Xi

, pCSA
Xi

) ≤ αI},

and
B = {j, pUj

≤ αI}.

x−A and u−B are then fixed at random and EFISUR is carried out in the lower dimension d′ ×m′

with the remaining budget, where d′ = |A| and m′ = |B|. The associated GPs in the reduced
dimensions are denoted FAB , GAB , ZA and CA, along with SAB the proxy S relying on the GPs
of reduced dimension. x−A are fixed at values drawn uniformly on their domain and U−B at the
value drawn according to their probability distribution PU−A

. The presented method is detailed in
Off-SA algorithm and illustrated in Figure 4.1.

Algorithm 2 SA step before EFISUR: Off-SA

1: Design of Experiments (DoE) in the joint space Xd × Up: D(nSA) = {(xk, uk), k = 1, . . . , nSA}
2: Calculate simulator responses: f (nSA) = (f(xi, uk))nSA

k=1 and g(nSA) = (g(xk, uk))nSA

k=1
3: Fit GPs for f and g: F

(nSA)
(x,u) and G

(nSA)
(x,u)

4: Compute Z(nSA)
x = EU [F (nSA)

(x,U) ] and C(nSA)
x = α− PU (G(nSA)

(x,U) ≤ 0)
5: Estimate T-HSICh(Xi, (µZ(X), µC(X))), C-HSICw(Xi, (µZ(X), µC(X))), pT SA

Xi
, and pCSA

Xi
for

1 ≤ i ≤ d with Xi ∼ U(Xi)
6: Estimate SHset

j and pUj for 1 ≤ j ≤ p with Uj ∼ PUj

7: Screen the inputs : A = {i, min(pT SA
Xi

, pCSA
Xi

) ≤ αI} and B = {j, pUj
≤ αI}

8: Fix x−A and u−B randomly
9: EFISUR in dimension d′ ×m′:

10: Design of Experiments (DoE) in the joint space XA × UB : D
(t)
AB = {(xk

A, uk
B), k = 1, . . . , t}

11: Calculate responses: f (t) = (f(xk
A, x−A, uk

B , u−B))t
k=1 and g(t) = (g(xk

A, x−A, uk
B , u−B))t

k=1
12: while t ≤ budget−nSA do
13: Fit the GPs in reduced dimension F

(t)
AB and G

(t)
AB on the design D

(t)
AB

14: Calculate Z
(t)
A and C

(t)
A

15: xt+1
A = arg min

xA∈XA

EFI
Z

(t)
A

,C
(t)
A

(xA)

16: ut+1
B = arg min

uB∈UB

SAB(xt+1
A , uB)

17: Calculate simulator responses at the next point
(
xt+1

A , x−A, ut+1
B , u−B

)
18: Update the DoE and t← t + 1
19: end while

4.1.1.b Discussion and perspectives
This proposed method and algorithm have been designed with several choices.

CHOICE OF THE METAMODEL FOR THE SA We decided to use Gaussian process modeling for the
sensitivity analysis. This is mainly because using the same type of Gaussian processes as those used
in the EFISUR allows an easy access to EU [f(X, U)] and PU [g(X, U) ≤ 0] through the processes
Z and C. However, other meta-models could be used here. Since this initial metamodeling is done
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end
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EFI

S

xt+1
A

ut+1
B

if budget = 0

EFISUR

Figure 4.1: Off-SA diagram

in high dimension, it would be interesting to choose a type of metamodel that is less affected by
the curse of dimensionality. As the metamodel is only used for the SA step, it may be pertinent to
choose a metamodel adapted to the computation of the SA indices. For example, Sobol’ indices can
directly be obtained by Polynomial Chaos Expansion [162]. In [100], the use of GP for Sobol’ indices
estimation is studied. To our knowledge, HSIC estimation through GPs has not been developped
yet, mostly because classic HSIC don’t require a lot of model evaluations. In our case, mainly
for simplicity, we decided to compute the indices using the GP means. Alternatives could be to
compute random SA indices on the GP paths, or information about the GP uncertainty could be
used to improve the estimation and robustness of the indices as done for Sobol’ indices.

CHOICE OF THE SA INDICES For the uncertain inputs, we use Hset which are designed to quantify the
impact of uncertain inputs on excursion sets. Alternative indices from chapter 3 can be used, but
they turned out to be less efficient than the HSIC indices. For the design inputs, we decided to use
TSA- and CSA-HSIC from [97], where both Sobol indices and HSIC-based indices are presented.
The HSIC are preferred because they are adapted to screening. Screening with total Sobol indices
could also be done. The constant q is fixed at the 10% quantile of µZ(nSA)1µ

C(nSA) ≤0 to have
enough non-zero points so that the index can be estimated. For both SA, we decided to keep the
inputs which p-value is below a fixed risk. This fixed risk should be decided whether we prefer to
reduce a lot the dimension at the risk of missing influential inputs or to potentially keep negligible
inputs and remain in a bigger dimension. Alternatively to screening, it is also possible to use a
ranking approach. By ranking the inputs according their HSIC-ANOVA index, we can decide to
keep a fixed number of inputs by taking the most influential ones. Without fixing a number of kept
inputs, we can also add inputs up to a given percentage in the HSIC-ANOVA decomposition.

CHOICE OF THE WAY TO FIX THE REMOVED INPUTS A last choice was to fix the removed inputs x−A

and u−B at random (uniformly for the x’s and according to their known laws for the u’s). This was
justified by the fact that the SA results show these inputs to be negligible, so their value shouldn’t
be important. It is also possible to fix them according to some criteria. For example, in [156],
the removed inputs are fixed according to different strategies, using the value at the best the point
among the previous model evaluations. Fixing them to their mean or other known values of interest
may also be appropriate.

A single SA step is proposed in Off-SA but may be insufficient. First, the SA results are
computed on a GP so they can be inaccurate. Relying completely on them can be risky. Second,
at the beginning of the algorithm we have no information about the domain of interest of the
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optimization so the GOSA can miss inputs that become active only near the optimum. Take for
example a "valley-shaped functions" f defined with three inputs x1, x2 and x3 where

• x1 has a very strong impact on minimizing f which is minimal for x1 = 0,
• x2 has a very limited overall impact,
• x3 only affects f when x1 ≈ 0.

The proposed algorithm might only detect x1 as influential. Then, the low-dimension GP and the
iterations will then only use evaluations of the form f(xk

1 , x2, x3), i.e. where x2 and x3 are fixed.
Then, the optimal point in the third coordinate won’t be reached. Therefore, it may be interesting
and efficient to perform other SA steps after some EFISUR iterations. Information provided by
some EFISUR iterations could then be used to adjust the SA and would allow to more efficiently
detect, inputs that become important only when approaching optimal region.

4.1.2 Off-seq-SA: Multiple SA steps outside EFISUR iterations
In this part, we extend the previous method by adding multiple SA steps between series of EFISUR
iterations. By doing so, the information obtained after some EFISUR iterations is used to adjust
the screening of the inputs.

In the first algorithm Off-SA, the new model evaluations for the low-dimensional GPs and for
iterations are made for fixed x−A and u−B , i.e. of the form f(xk

A, x−A, uk
B , u−B). If a new SA step

is conducted, and inputs in A or B, say xi and ui, are no longer kept. Then the previous evaluations
made to fit the low-dimensional GPs and made during the iterations cannot be used in the new low
dimension as they are done for varying xi and uj . To overcome this issue, two solutions appear.
The first one is to impose that previously selected inputs must be kept in all the next SA steps,
and thus the GPs will be of increasing dimension. However this might increase the GPs dimension
when it is not necessary. An alternative that we propose here is to use noisy Gaussian processes.
During the whole algorithm, the negligible inputs won’t be fixed but randomly sampled and their
effect will be contained in the noise of reduced dimension GPs. Before presenting the algorithm,
we introduce our use of noisy Gaussian processes and, in particular, how we propose to deal with
the noise using the SA results.

GAUSSIAN PROCESS WITH NOISE FITTED USING GOSA As mentioned in section 1.2.1, noisy gaussian
processes are gaussian processes with significant noise (instead of a very small nugget used to
facilitate numerical computations). In our case, we have initial gaussian processes F (nSA) and
G(nSA) trained on a design in dimension d×m. They are not yet noisy, but we reduce the dimension
by GOSA and keep only the inputs xA and uB and we want to fit a noisy GP in dimension d′ + m′

with the same model evaluations. This mean that instead of trying to fit f and g, we aim at fitting
fA,B and gA,B defined for 1 ≤ k ≤ nSA by

f(xk, uk) = fA,B(xk
A, uk

B) + ek
f

g(xk, uk) = gA,B(xk
A, uk

B) + ek
g ,

where ek
f and ek

g are realizations of εk
f and εk

g with εf ∼ NnSA
(0, σ2

f ) and εg ∼ NnSA
(0, σ2

g). The
noise corresponds to the effect of the removed inputs. This effect was measured by SA and was
small in regions of interest but might be important in other regions. Therefore, an homogeneous
noise (i.e. when σf and σg are constant diagonal co-variance matrix) can’t be used here and a
heteroscedastic one should be used. However, we don’t want to add model evaluations to estimate
this noise, so we propose to rely on the SA. The GO transformation h takes high values in areas of
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interest and is close to zero otherwise. Therefore, we propose a variance noise proportional to 1/h.
This mean that we suppose σf = σg = diagnSA

(σ1, ..., σnSA) where

σk ∝ 1
h(µZ(xk), µC(xk)) .

Therefore, we impose very low noise in regions of interest and higher noise the further away from
such regions. This can inadvertently create noise in regions where there is none, but since these
regions are not of interest, it seems acceptable.

SA STEPS With noisy Gaussian processes, it is possible to perform any number of sensitivity
analysis steps at no additional cost in terms of model evaluations, since all model evaluations are
performed in the initial high dimensional space (i.e. without fixing any input during EFISUR
iterations). Thus, we don’t need anymore a budget of nSA evaluations for the SA, and we can
simply do the same SA than for Off-SA algorithm at iteration t (mostly replacing nSA by t). We
propose to simply do one SA step every niter/step iteration. To extract the most information from
the previous iterations (and to not only rely on the information induced by the updated GPs), we
propose to conduct the sensitivity analysis steps on the X’s by replacing the uniform input laws by
the discrete law of the added points. This means that we measure the impact of the Xi when they
vary in a range favored by EFISUR so far. In order to remain open to other domains, the discrete
law is completed with the point of the initial DoE and denoted PX(t) at iteration t. The induced
Xi are then no longer independent. The detailed method is described by Off-seq-SA algorithm
and illustrated in Figure 4.2.

Algorithm 3 SA steps outside batches of EFISUR iterations: Off-seq-SA

1: Design of Experiments (DoE) in the joint space Xd × Up: D(t) = {(xk, uk), k = 1, . . . , t}
2: Calculate simulator responses: f (t) = (f(xk, uk))t

k=1 and g(t) = (g(xk, uk))t
k=1

3: while t ≤ budget do
4: Fit GPs of f and g: F

(t)
(x,u) and G

(t)
(x,u)

5: Compute Z(t)
x = EU [F (t)

(x,U)] and C(t)
x = α− PU (G(t)

(x,U) ≤ 0)
6: Estimate T-HSICh(Xi, (µZ(t)(X), µC(t)(X))), C-HSICw(Xi, (µZ(t)(X), µC(t)(X))), pT SA

Xi
,

and pCSA
Xi

for 1 ≤ i ≤ d with X ∼ PX(t)

7: Estimate SHset
j and pUj

for 1 ≤ j ≤ p with Uj ∼ PUj

8: Screen the inputs : A = {i, min(pT SA
Xi

, pCSA
Xi

) ≤ αI} and B = {j, pUj
≤ αI}

9: for niter/step iterations do
10: Fit noisy GPs in reduced dimension F

(t)
AB and G

(t)
AB on the design D(t)

11: Calculate Z
(t)
A and C

(t)
A

12: xt+1
A = arg min

xA∈XA

EFI
Z

(t)
A

,C
(t)
A

(xA)

13: ut+1
B = arg min

uB∈UB

SAB(xt+1
A , uB)

14: Calculate simulator responses at the next point
(
xt+1

A , x−A, ut+1
B , u−B

)
where x−A and

u−B are drawn randomly
15: Update D(t) and t← t + 1
16: end for
17: end while
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S
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ut+1
B

if budget = 0

EFISUR

Every niter/step EFISUR iterations

Figure 4.2: Off-seq-SA diagram

As Off-seq-SA is based on the previous Off-SA algorithm 2, most mentioned choices in Sec-
tion 4.1.1.b are common to both algorithms. The main difference is the use of noisy gaussian
processes that we fit with SA. Alternatives to fit the noise can be to estimate the output noise at
each point of the design using the fitted gaussian process in the initial dimension. Estimations of
V ar

[
µZ(t)(xk

A, X−A)
]

for the objective function for instance could be appropriate. However, this
is still an estimation which can be very different from the real noise as it relies on the GP. We can
also think of alternative ways than using a noisy GP. An example would be to separate the initial
GP into two gaussian processes. One first GP associated to the kept inputs fitted with care, and a
second GP corresponding to the impact of the rest of the inputs fitted with less precision. Instead
of trying to fit the output f , it is also possible to aim at fitting E(f(X, U)|(XA, UA)) as done in
[98].

This first approach aimed at making EFISUR usable in higher dimensions by performing one or
multiple SA steps to reduce the input dimension in order to simplify the Gaussian process regression.
In a second part, we will see how SA can also be used inside EFISUR to simplify the optimization
of the acquisition functions.

4.2 Online Sensitivity Analysis in EFISUR algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this part, we are interested in getting inside EFISUR iterations and in particular in the two
optimization steps within EFISUR, i.e. the maximization of the expected feasible improvement
and the minimization of the proxy of the one-step-ahead feasible improvement variance. In higher
dimension, these two optimizations can become difficult because the optimization requires more
iterations and the time computation of the two acquisition criteria explode. To overcome this
difficulty, we aim at using sensitivity analysis to facilitate these two optimization steps.

4.2.1 On-SA: Dimension reduction by SA on the acquisition criteria optimization

First, at each EFISUR iteration, we reduce the dimension of X before optimizing the EFI and of
U before optimizing S.
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4.2.1.a Method and algorithm
In this part, we want to reduce the dimension only for the optimization of the EFI. So we propose
to measure the effects of the design inputs on the EFI itself. We consider

X = (X1, ..., Xd) −→ EFIZ(t),C(t)(X),

to compute HSIC(Xi, EFIZ(t),C(t)(X)) and the associated p-values pEF I
Xi

for i ∈ {1, ..., d}, to select
only the inputs that affect the EFI. After fixing the negligible ones, the optimization of the EFI can
be done in a smaller dimension. The negligible x−A are fixed at random values as the SA reveals
that their value doesn’t change the EFI.

Similarly, we propose to measure the effect of the uncertain inputs on S as we want to minimize
it. We are already at a fixed x (fixed by the maximization of the EFI at xt+1), so the output is
also a scalar. We consider

U = (U1, ..., Up) 7−→ S(xt+1, U),

to compute HSIC(Uj , S(xt+1, U)) and the associated p-value pUj
for j ∈ {1, ..., p} to detect which

Uj affects S. The negligible U−B are also fixed at random values according to PU−B
. Then the

optimization of S(xt+1, ·, u−B) is performed in the reduced dimension.
On-SA algorithm and Figure 4.3 details EFISUR with these two additional steps.

Algorithm 4 EFISUR with SA on acquisition functions: On-SA

1: Design of Experiments (DoE) in the joint space X × U : D(t) = {(xk, uk), k = 1, . . . , t}
2: Calculate simulator responses: f (t) = (f(xk, uk))t

k=1 and g(t) = (g(xk, uk))t
k=1

3: while t ≤ budget do
4: Fit GPs of f and g: F

(t)
(x,u) and G

(t)
(x,u)

5: Calculate Z(t)
x and C(t)

x

6: SA step on the x’s:
7: Estimate HSIC(Xi, EFIZ(t),C(t)(X)), pEF I

Xi
for 1 ≤ i ≤ d with Xi ∼ U(Xi).

8: Screen the xi: A = {i, pXi
≤ αI} and fix the others randomly at x−A

9: xt+1
A = arg max

xA∈XA

EFIZ(t),C(t)(xA, x−A)

10: Set xt+1 = (xt+1
A , x−A)

11: SA step on the U ’s:
12: Estimate HSIC(Ui, S(xt+1, U)) and pS

Uj
for 1 ≤ j ≤ p with Uj ∼ PUj

13: Screen the Uj : B = {j, pUj ≤ αI} and fix the others randomly at u−B

14: ut+1
B = arg min

uB∈UB

S(xt+1, uB , u−B)

15: Set ut+1 = (ut+1
B , u−B)

16: Calculate simulator responses at the next point
(
xt+1, ut+1)

17: Update the DoE and t← t + 1
18: end while

4.2.1.b Discussion and perspectives
The main choice in On-SA is the method for conducting the two sensitivity analysis steps before
each optimization of the acquisition function. A second important choice is to fix the removed
inputs at random.
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x

U

GP

SA
EFI

SA
S

end
xA

UB

xt+1
A

ut+1
B

if budget = 0

(xt+1, ut+1)

EFI

S

Figure 4.3: On-SA diagram

SASTEPS For the SA, we decided to select the influential inputs by computing HSIC(Xi, EFIZ(t),C(t)(X))
and HSIC(Ui, S(xt+1, U)) without adding goal-oriented transformations, as it seems redundant since
the EFI and S are already goal-oriented transformations. Alternatively, we could apply the SA to
the optimization problem itself, i.e., the minimization of f while g ≤ 0, using the same h trans-
formation as in Section 4.1.1. For the uncertain inputs for instance, HSIC(Ui, S(xt+1, U)) can be
replaced by HSIC(Ui, h(µF (t)(xt+1, U), µG(t)(xt+1, U))). In terms of cost, this is also much simpler
since the one-step-ahead proxy of the output variance is expensive to compute. However, inputs
that have an impact on h(µF G(t)(xt+1, U), µG(t)(xt+1, U)) are not necessarily the same than the
input that impact S and for this reason, measuring the inputs effect on S is preferred in this work.
The same choice is made for the EFI rather than computing HSIC(Xi, h(µF (t)(X), µZ(t)(X))

FIXING THE NEGLIGIBLE INPUTS With the same reasoning as in Section 4.1.1.b, the negligible inputs
are fixed at random, since they are determined to not affect the quantity to be optimized. Moreover,
the chosen value of the inputs is directly used to fit the Gaussian process, so it shouldn’t be fixed
at a deterministic value since it would reduce the quality of the GP to have too many identical
points in some dimensions. An interesting point here is that drawing some of the U ’s at random
consists of mixing EFISUR and EFIRAND (which is the same as EFISUR with the ut+1 always
taken randomly). In the case that all Ui are found to be negligible, some EFIRAND steps actually
happen in our algorithm.

Reducing dimension before optimizing acquisition functions reduces the computational time, but
may induce a worse optimum if SA fails to detect inputs that affect the optimum region. However,
it is not dramatic since this probably not occur at each EFISUR iteration. To increase the chance
of not missing an influential input, an improved version of On-SA is presented in the next part.

4.2.2 On-2steps-SA: Two-steps optimization of the acquisition functions guided by SA
The idea of this algorithm is to add another step of SA to guide the optimization of the acquisition
function. In particular, we want to be able to detect inputs that become important locally.

To guide the optimization of the acquisition functions, we propose a methodology in two steps
detailed here for the EFI but the principle is the same for S :
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• A SA step on the EFI is conducted to obtain xA influential inputs, and the optimization of
EFI is carried in XA at fixed x−A to obtain an optimum (xt+1

A , x−A). This corresponds to
On-SA algorithm.

• Then, we consider the model

X−A −→ R
x−A 7−→ EFIZ(t),C(t)(xt+1

A , x−A) ,

on which we conduct a second SA step to obtain xA′ influential inputs with A′ ⊂ −A.
Then, EFI is optimized in XA′ at fixed xt+1

A and x−A∪A′ . The final optimum is then xt+1 =
(xt+1

A , xt+1
A′ , x−A∪A′).

With this added step, the optimization in big dimension of the acquisition functions is replaced by
two small dimension optimizations guided by SA.

Instead of keeping fixed xA during the second optimization, we also propose to unfreeze it,
meaning that the second optimization is done in XA∪A′ instead of XA′ . To use the result of the
first optimization, xt+1

A is used as a starting point (on the corresponding dimensions) for the second
optimization.

The resulting On-2steps-SA algorithm details the additional steps with a different color for
the unfreezed version. Figure 4.4 give a summarized version.

x

U

GP

SA
EFI

SA
S

end
if budget = 0

SA
EFI

SA
S

xA

UB

xt+1
A

ut+1
B

EFI

S

xA′

UB′

xt+1
A′

ut+1
B′

(xt+1, ut+1)

EFI

S

Figure 4.4: On-2steps-SA diagram

Compared to On-SA, we add in On-2steps-SA another optimization in a small dimension
among the remaining inputs not selected at the first step. We can easily think of adding others
paired steps of SA and optimization. This could be compared to a block coordinate descent [10],
where each inner optimization is the acquisition function optimization and where the coordinate
selection is made by SA. However, in our case, a selected input cannot be selected again, so the
maximal number of step would be equal to the initial input dimension. Adding steps have a
computational cost and may be not necessary as the added inputs are less and less influential on
the optimum. For this reason, we consider only these two steps in the following. We still provide
On-seq-SA algorithm in Appendix that adapts the previous algorithm with multiple steps of SA
which consists simply to replace the two SA steps by while loop.

Both On-SA and On-2steps-SA aim at simplyfing the acquisition function optimization but
they still rely on gaussian processes in the initial dimension which are difficult and time expensive
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Algorithm 5 EFISUR with two SA steps on acquisition functions: On-2steps-SA-free

1: Design of Experiments (DoE) in the joint space X × U : D(t) = {(xi, ui), i = 1, . . . , t}
2: Calculate simulator responses: f (t) = (f(xi, ui))t

i=1 and g(t) = (g(xi, ui))t
i=1

3: while t ≤ maximum budget do
4: Fit GPs of f and g: F

(t)
(x,u) and G

(t)
(x,u)

5: Calculate Z(t)
x and C(t)

x

6: 1st SA step on the x’s
7: Estimate HSIC(Xi, EFIZ(t),C(t)(X)) and pXi

for 1 ≤ i ≤ d with Xi ∼ U(Xi)
8: Screen the xi: A = {i, pEF I

Xi
≤ αI} and fix the others randomly at x−A

9: xt+1
A = arg max

xA∈XA

EFIZ(t),C(t)(xA, x−A)

10: 2nd SA step on the x’s
11: Estimate HSIC(Xi, EFIZ(t),C(t)(X−A, xt+1

A )) and pXi
for i ∈ −A with Xi ∼ U(Xi).

12: Screen the xi: A′ = {i ∈ −A, pEF I
Xi
≤ αI} and fix the others randomly at x−(A∪A′)

13: xt+1
A′ = arg max

xA′ ∈XA′

EFIZ(t),C(t)(xA′ , xt+1
A , x−(A∪A′))

14: Or : xt+1
A∪A′ = arg max

XA∪A′

EFIZ(t),C(t)(xA∪A′ , x−(A∪A′)) started at xA = xt+1
A

15: Set xt+1 = (xt+1
A , xt+1

A′ , x−(A∪A′)) or xt+1 = (xt+1
A∪A′ , x−(A∪A′))

16: 1st SA step on the U ’s
17: Estimate HSIC(Ui, S(xt+1, U)) and pS

Uj
for 1 ≤ j ≤ p with Uj ∼ PUj

18: Screen the Uj : B = {j, pUj
≤ αI} and fix the others randomly at u−B

19: ut+1
B = arg min

uB∈UB

S(xt+1, uB , u−B)

20: 2nd SA step on the U ’s
21: Estimate HSIC(Ui, S(xt+1, U)) and pS

Uj
for i ∈ −B with Uj ∼ PUj

22: Screen the Uj : B′ = {j ∈ −B, pUj
≤ αI} and fix the others randomly at u−(B∪B′)

23: ut+1
B′ = arg min

uB′ ∈UB′

S(xt+1, uB′ , ut+1
B , u−(B∪B′))

24: Or : ut+1
B∪B′ = arg min

UB∪B′

S(xt+1, uB∪B′ , u−(B∪B′)) started at uB = ut+1
B

25: Set ut+1 = (ut+1
B , ut+1

B′ , u−(B∪B′)) or ut+1 = (ut+1
B∪B′ , u−(B∪B′))

26: Calculate simulator responses at the next point
(
xt+1, ut+1)

27: Update the DoE and t← t + 1
28: end while
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to fit. For this reason, they might remain strongly affected by the increase of the dimension. This
particular point is studied numerically in the next chapter.

To conclude this chapter dedicated to the presentation of different algorithms that use SA to
help EFISUR in large dimension, we can add that one of the algorithms of Section 4.1 can easily
be combined with one of Section 4.2. This would allow to reduce both the dimension of the fitted
Gaussian processes and then the dimension of the acquisition criterion optimization in the inner
loops. This might be appropriate when the function to be optimized is defined in high dimension,
with an "effective target dimension" that is still too high to easily optimize the EFI and S.
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Sensitivity Analysis and EFISUR : Numerical study
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5.5 Application: Optimization of an electric machine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.5.1 Validation 121

In this chapter, we perform a numerical study of the four algorithms presented in Chapter 4.
Since the main motivations is to make EFISUR usable and efficient in higher dimensions, we first
introduce a toy function whose input dimension can be chosen. The construction of the toy function
is presented in Section 5.1. Locally influential inputs are added to complicate the optimization and
to highlight the efficiency or failure of the different algorithms. Related Sensitivity analysis results
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Figure 5.1: Contour plot of E [f1(x, U)] and hatched area of P [g1(x, U)] < 0.95. Estimated on a 50 × 50 grid with
U -samples of size 10000. The green dot is the global optimum.

on this toy function are also presented and EFISUR is tested on this toy function. In a second
(Section 5.2) and third time (Section 5.3) we present and analyze the results of all the algorithms
on this toy function. A numerical comparison of the methods is then made in Section 5.4. Finally,
they are tested on a real test case of electrical machine design (Section 5.5).

5.1 Construction of a toy function for robust optimization and EFISUR re-
sults . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Initially, EFISUR has been designed and tested in [33] with the toy functions f1 and g1 defined by:

f1(x, u) = 5
(
x2

1 + x2
2
)
−
(
u2

1 + u2
2
)

+ x1 (u2 − u1 + 5) + x2 (u1 − u2 + 3) ,

g1(x, u) = −x2
1 + 5x2 − u1 + u2

2 − 1,

with x ∈ [−5, 5]2 and U ∼ U
(
[−5, 5]2

)
. The corresponding robust optimization problem defined

by
x∗ = arg min

x∈K
E[f1(x, U)] where K = {x ∈ X , P[g1(x, U) ≤ 0] ≥ α}.

for α = 0.95 leads to a reference optimum x∗ = (x∗
1, x∗

2) = (−3.28,−2.27) and a minimum e∗ =
E [f1(x∗, U)] = 39.44 obtained numerically with a large number of f1 and g1 evaluations. The
contour levels of E[f1(x, U)] and the hatched non-feasible domain where P[g1(x, U) ≤ 0] < α are
plotted in Figure 5.1, estimated with crude Monte Carlo with samples of size 10000 at each point
of a 50× 50 grid. The same numerical estimation parameters are used for the others contour plots.
As shown in [33], EFISUR performs well on this function. However, this is not a very difficult
toy function since it’s only in dimension 2 + 2 and the feasible region is wide and connected. To
increase the difficulty of the optimization, we propose an adaptation of this toy function by adding
inputs. Our goal is to propose a toy function whose dimension can be increased arbitrarily, but
whose number of variables required to find the optimum remains small. A first simple possibility is
to add dummy inputs, i.e. inputs that don’t affect the output values. Similarly, it is possible to add
inputs that have a very small effect on the output values. In these two cases, classical dimension
reduction methods work easily enough. Therefore, we prefer to add either inputs that affect f1 and
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g1 globally but don’t modify x∗ and e∗ (Section 5.1.1 with the toy functions fd
Glob and gd

Glob), or
inputs that locally affect x∗ and e∗ and whose global effect on f1 and g1 remains small (Section
5.1.2 with the toy functions fd

Loc and gd
Loc)).

5.1.1 Toy functions fd
Glob and gd

Glob with global impact far from the optimum

5.1.1.a Definition of the test case

Adding inputs that affect f1 and g1 without changing x∗ and e∗ means that no matter what values
the additional inputs take, having (x1, x2) = (x∗

1, x∗
2) is enough to reach e∗. We modify the toy func-

tions so that the optimal points are all points of the hypervolume H∗ = {(x∗
1, x∗

2, x3, ..., xd), x3:d ∈
[−5.5]d−2}. To do this, we increase together both dimension d and p and we define fd,1

Glob and gd,1
Glob

for d ≥ 3 and p = d as

fd,1
Glob(x, u) = f1(x1, x2, u1, u2)

+
d∑

i=3

(
βi−2

(
x2

i + ui + 5
10

))
1||x1:2−x∗||2>3

+
d∑

i=3

(
βi−2

(
x3

i + ui + 5
10

))
1||x1:2−xfar||2<3,

gd,1
Glob(x, u) = g1(x1, x2, u1, u2)

+
d∑

i=3

(
β′

i−2

(
x2

i + ui + 5
10

))
1||x1:2−x∗||2>3

−
d∑

i=3

(
β′

i−2x3
i

)
1||x1:2−xfar||2<3

,

where x∗ = (−3.28,−2.27), xfar = (3, 3), β3 ≥ β4 ≥ ... ≥ βd and β′
3 ≥ β′

4 ≥ ... ≥ β′
d. fd,1

Glob and
gd,1

Glob are constructed so that the added inputs have no impact in the region of the optimum, since
1||x1:2−x∗||2>3 and 1||x1:2−xfar||2<3 are zero near H∗. The minimum remains e∗ = E

[
fd,1

Glob(x∗, U)
]

=
39.44 for any x∗ ∈ H∗. The second sum allows to increase the effect of the added inputs on the
objective function in the whole domain and to also add an non-feasible minimum of E

[
fd,1

Glob(x, U)
]

(near xfar). βi and β′
i are decreasing with i, so the effect of the added inputs decreases with

dimension. Thus, x3 and U3 should be the added inputs that affect the objective and constraint
functions the most. To preserve the initial smoothness of the toy function, we use hyperbolic
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tangents which mimics indicator functions:

fd
Glob(x, u) = f1(x1, x2, u1, u2)

+
d∑

i=3

(
βi−2

(
x2

i + ui + 5
10

))
(tanh (2 (‖x1:2 − x∗‖2 − 3)) + 1)

+
d∑

i=3

(
βi−2

(
x3

i + ui + 5
10

))(
1− 1

2 (tanh (2 (‖x1:2 − xfar‖2 − 3)) + 1)
)

,

gd
Glob(x, u) = g1(x1, x2, u1, u2)

+
d∑

i=3

(
β′

i−2

(
x2

i + ui + 5
10

))
(tanh (2 (‖x1:2 − x∗‖2 − 3)) + 1)

−
d∑

i=3

(
β′

i−2x3
i

)(
1− 1

2 (tanh (2 (‖x1:2 − xfar‖2 − 3)) + 1)
)

.

For the rest of the chapter, we will mostly work with d = 10 and p = d = 10. Contour plots of
E[f10

Glob(x, U)] and hatched non-feasible domain where P[g10
Glob(x, U) ≤ 0] are given in Figure 5.2.

The plots are displayed in the first two dimensions, and the added inputs x3 to x10 are changed
from −5 to 5 at the same time.

5.1.1.b Sensitivity Analysis of f 10
Glob and g10

Glob

To analyze the impact of the inputs, we perform a SA on f10
Glob and g10

Glob. To compare the effects of
the inputs on f10

Glob and g10
Glob in the entire domain and on e∗ and x∗, we propose to do a "classical"

SA without fixed optimization goal and a Goal-Oriented Sensitivity analysis.
The SA on the design inputs is made on the input-output model

X −→
(

E
P

)
=
(

EU

[
f10

Glob(X, U)
]

PU

[
g10

Glob(X, U) ≤ 0
])

HSIC-ANOVA with a product of Gaussian kernels for the output are computed for the "classical"
SA. GOSA is done by computing T-HSICh(Xi, (E, P )) and C-HSICh(Xi, (E, P )) as done in Section
4.1.1.a.

For uncertain inputs, we use HSIC of sets indices. SHset
j with

Γ = {x ∈ X , f10
Glob(x, U) ≤ q, g10

Glob(x, U) ≤ 0},

where q is a low quantile of f10
Glob(x, U), are by definition goal-oriented, as they measure the effect on

the U on minimizing the objective function and respecting the constraint. They are then computed
only for the GOSA. For the "classical" SA, we refer to the end of Section 3.2. in which we added
the output as a design variable so that pollutant concentration maps could be treated as sets. By
doing so, SHset

j is no longer goal-oriented. Here, we have two outputs f10
Glob and g10

Glob so we need to
add two new variables denoted xf and xg varying in a range of values [xmin

f , xmax
f ] and [xmin

g , xmax
g ]

containing all possible values of f10
Glob and g10

Glob. This defines excursion sets by :

Γ = {(x, xf , xg) ∈ X × [xmin
f , xmax

f ]× [xmin
g , xmax

g ], f10
Glob(x, U) ≤ xf , g10

Glob(x, U) ≤ xg}

for which SHset
j are computed.
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Figure 5.2: Contour plots of E
[
f10

Glob(x, U)
]

and hatched area of P
[
g10

Glob(x, U)
]

< 0.95 for fixed x3 to x10. Estimated
on a 50 × 50 grid with U -samples of size 10000. Red curve corresponds to P

[
g10

Glob(x, U)
]

= 0.95. The green dot is the
global optimum.
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For twenty repetitions, rejection rates (i.e. the percentage of the repetitions an input is kept) are
computed for all SA methods, with sample of size 1000 and a risk of 5%. The results are given in
Table 5.1 for the design inputs and in Table 5.2 for the uncertain inputs. Corresponding boxplots
of the indices estimations are given in Figures E.1 and E.2 in Appendix.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
HSIC 1.00 1.00 1.00 0.80 0.10 0.05 0.05 0.10 0.05 0.00
HSIC-TSA 1.00 1.00 0.05 0.05 0.00 0.05 0.00 0.05 0.00 0.00
HSIC-CSA 0.15 0.65 0.10 0.00 0.00 0.00 0.00 0.00 0.10 0.15

Table 5.1: Rejection rates on 20 repetitions of the design inputs obtained with classic, target and conditional HSIC for
f10

Glob and g10
Glob.

HSIC of sets U1 U2 U3 U4 U5 U6 U7 U8 U9 U10
SA 1.00 1.00 0.70 0.15 0.00 0.20 0.05 0.00 0.00 0.10
GOSA 1.00 1.00 0.00 0.10 0.10 0.05 0.15 0.10 0.00 0.15

Table 5.2: Rejection rates on 20 repetitions of the uncertain inputs obtained with goal-oriented and not goal-oriented
SHset

j for f10
Glob and g10

Glob.

As expected, "classical" SA on the X’s and on the U ’s show that x1, x2, U1 and U2 are influential
but also other inputs which effect decreases with their index. Both X3 and U3 are (almost always)
influential. Then X4 is often found to be influential as well. Then the rest of the inputs are nearly
always found to be negligible, meaning that the constant βi reduces drastically their influence.
With the GOSA we get different results. For the X’s, the TSA allows to always detect X1 and
X2, while the rest of the inputs are almost never detected as influential. This confirms that only
X1 and X2 are necessary to reach the optimum. With CSA, X2 is often detected as important
(65%) and X1 only 15%. This reveals that X2 is more influential than X1 near the optimum. For
uncertain inputs, GOSA confirms that only U1 and U2 affect the excursion sets.

5.1.1.c Optimization results with EFISUR on the toy functions f 10
Glob and g10

Glob

EFISUR is run N = 20 times with a budget of 10 × (d + p) = 200 evaluations of f10
Glob and g10

Glob.
This budget is divided into the number of points for the initial design and the number of iterations.
We first test a budget allocation of 180 + 20. To plot EFISUR results, a first possibility is to
plot the evolution of the obtained feasible minimum E(Z(t)

x∗,t) at the current optimum x∗,t along the
iterations. This is done in Figure 5.3. We observe, as expected, that E(Z(t)

x∗,t) is decreasing. However,
it is far below the true minimum e∗ (black line), highlighting important errors in the models. To see
if the algorithm really minimizes E

[
f10

Glob(x, U)
]

while satisfying the constraint, we replace E(Z(t)
x∗,t)

with an accurate estimate of E
[
f10

Glob(x∗,t, U)
]

done with crude MC and 10000 points. We also
check if the constraint is satisfied by estimating P

[
g10

Glob(x∗,t, U) ≤ 0
]
. The resulting plot is shown

in Figure 5.4 with some levels of objective and constraints defined in the next paragraph. This
confirms that despite GP errors, the algorithm still manages to find low values of E

[
f10

Glob(x, U)
]
,

but some of the proposed points don’t verify the constraint. Such plots illustrate well EFISUR
efficiency but are not suitable for comparison purposes. Instead, we propose to plot data profiles.

DATA PROFILES In the context of deterministic optimization [107], data profiles allow to measure
and compare performances of optimization algorithms. They consist in measuring how fast (in terms
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Figure 5.3: Evolution of the estimated current feasible minimum during EFISUR iterations for f10
Glob and g10

Glob with an
initial design of 180 points and 20 iterations for 20 optimization runs with different initial lhs designs.
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0.93 ≤ P[g(x, U) ≤ 0] < 0.94
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e∗ + 10
e∗ + 1
e∗ + 0.1

30

40

50

60

70

80

180 185 190 195 200
Number of f and g evaluations

E[
f

(x
∗,

t
,U

)]

Figure 5.4: Evolution of the true current feasible minimum during EFISUR iterations for f10
Glob and g10

Glob with an initial
design of 180 points and 20 iterations for 20 optimization runs and different initial lhs designs.
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of model evaluations) each run of the algorithm reaches a fixed goal. In practice, for each model
evaluation, the proportion of runs that reach the goal is calculated. The plot of this proportion as
a function of the number of model evaluations is called a data profile. This allows to consider both
the speed of convergence of the algorithm (at which iteration it reaches the goal) and its robustness
(how many runs reach the goal). In our case, given generic objective and constraint functions f
and g, we consider two goals defined by

• E [f(x, U)] ≤ e where e is a low objective function value.
• P [g(x, U) ≤ 0] ≥ p where p is a fixed threshold.

The goals are considered to be reached if at least one point of the current dataset of evaluations
D

(t)
i satisfy the previous conditions. For N runs and a fixed goal (e, p), the data profile dpe,p is

defined by

dpe,p : t ∈ N 7→ card{i ∈ {1, ..., N}, ∃ x ∈ D
(t)
i ,E [f(x, U)] ≤ e, P [g(x, U) ≤ 0] ≥ p}

N
(5.1)

where D
(t)
i is the design of the i-th run containing t first search points (initial points and points

added by the algorithm). Computing data profiles is possible with a toy function as accurately
estimates E [f(x, U)] and P [g(x, U) ≤ 0] are affordable.

For all numerical results, we consider three accuracy levels of both both goals e and p

• e ∈ (e∗ + 10, e∗ + 1, e∗ + 0.1) define three reference values for the objective.
• p ∈ (α, α− 0.1, α− 0.2) = (0.95, 0.94, 0.93) define three constraint thresholds.

This results in nine possible goals defined by all the pairs (ei, pj) for (i, j) ∈ {1, 2, 3}2.
We compute data profiles resulting from 20 runs of EFISUR on functions f10

Glob and g10
Glob. Three

different simulation budget allocations are tested: 180 + 20, 150 + 50, and 100 + 100 (size of the
initial DoE + number of iteration). These budgets are identical in terms of the number of model
evaluations, but a small number of iterations should be preferred for two reasons. First, it reduces
the number of algorithm iterations and thus the algorithm running time, which can be important
especially in high dimensions. But more importantly, the model evaluations during the iterations
cannot be done in parallel as the new point depends directly on the updated processes, while
those done during an initial design can be done simultaneously, which can greatly reduce the total
computation time if the model is time consuming. These different configurations are compared for
each of the nine goals, resulting in nine data profiles, plotted in Figure 5.5. On this first toy function
f10

Glob and g10
Glob, EFISUR produces satisfactory results with a small budget (only 200 evaluations of

f and g). For the three allocations, we manage to reach e∗ +10 for at least 90% of the runs whatever
the level of constraint p (top plots). 180 + 20 allocation even manages to catch up after only 8
EFISUR iterations. For the other goals e∗ +1 and e∗ +0.1, we observe that the more iterations, the
better the results. However, even with 100 iterations, from 25% to 60% of the runs don’t reach the
goals. Relaxing the threshold constraint (from right to left) shows that the algorithm manages to
find good points with respect to the objective function value, for which the probability of satisfying
the constraint remains high even if it is below the initial threshold of 0.95. To improve these results,
we should use more model evaluations, but since our goal is to have a reference to compare with
our proposed methods, we don’t necessarily aim to do enough model evaluations so that 100% of
the runs reach the desired objectives.

With this toy function, all added inputs have a global effect but do not change the optimum.
We will now see how to modify the function to make it more complex by adding an input that has
a small global effect but which changes the optimum.
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Figure 5.5: Data profiles of EFISUR for f10
Glob and g10

Glob with nine goals and with three budget allocations for 20 runs
associated to different initial lhs design.
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5.1.2 Toy functions fd
Loc and gd

Loc with local influence near the optimum

5.1.2.a Definition of the test case

With the previous functions fd
Glob and gd

Glob, only two design and uncertain inputs (x1, x2, U1 and
U2) are needed to find the optimum, and the rest can be neglected. To complicate the problem a
bit, we propose to add a last design input xd and uncertain input Ud, which have a small impact
on the optimized functions when considering the whole domain, but whose impact increases when
approaching the optimum. They are then be essential for finding the optimum. To do so, we modify
the objective function by changing the effects of the inputs xd and Ud. The new objective function
is defined for d ≥ 3 and p = d as

fd
Loc(x, u) = f1(x1, x2, u1, u2)

+
d−1∑
i=3

(
βi−2

(
x2

i + ui + 5
10

))
(tanh (2 (‖x1:2 − x∗‖ − 3)) + 1)

+
d−1∑
i=3

(
βi−2

(
x3

i + ui + 5
10

))(
1− 1

2 (tanh (2 (‖x1:2 − xfar‖ − 3)) + 1)
)

−
(

5− (xd − 4)2

5

)
(up + 5)

(
1− 1

2 (tanh (2 (‖x1:2 − x∗‖ − 1)) + 1)
)

.

In this function, xd and Ud are only active when ‖x1:2 − x∗‖ < 1, i.e. near the optimum where the
value xd = 4 allows to decrease the value of fd

Loc (and of E
[
fd

Loc(x, U)
]
). The minimum is now

e∗ = E
[
fd

Loc(x, U)
]

= 14.89 obtained with x1:2 = x∗ and xd = 4, instead of e∗ = 39.44 for fd
Glob.

The constraint is not modified, but we denote gd
Loc = gd

Glob for simplicity. Contour plots in 10 + 10
dimension are given in Figure 5.6.

5.1.2.b Sensitivity Analysis of f 10
Loc and g10

Loc

We perform the same sensitivity analysis than in Section 5.1.1.b to quantify the effects of the inputs,
especially those of xd and Um. The rejection rates are given in Table 5.3 for the design inputs and in
Table 5.4 for the uncertain inputs. Corresponding indices estimations boxplots are given in Figure
E.3 and E.4 in Appendix.

HSIC X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
Classic 1.00 1.00 1.00 0.85 0.15 0.00 0.00 0.10 0.00 0.05
TSA 1.00 1.00 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.10
CSA 0.10 0.70 0.00 0.10 0.10 0.00 0.10 0.15 0.15 0.125

Table 5.3: Rejection rates on 20 repetitions of the design inputs obtained with classic, target and conditional HSIC for
f10

Loc and g10
Loc.

HSIC of sets U1 U2 U3 U4 U5 U6 U7 U8 U9 U10
SA 1.00 1.00 0.85 0.25 0.00 0.00 0.15 0.05 0.05 0.00
GOSA 1.00 1.00 0.10 0.10 0.15 0.10 0.10 0.10 0.15 1.00

Table 5.4: Rejection rates on 20 repetitions of the uncertain inputs obtained with goal-oriented and not goal-oriented
SHset

j for f10
Loc and g10

Loc.
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Figure 5.6: Contour plots of E
[
f10

Loc(x, U)
]

and hatched area of P
[
g10

Loc(x, U)
]

< 0.95 for fixed x3 to x10. Estimated
on a 50 × 50 grid with U -samples of size 10000. Red curve corresponds to P

[
g10

Loc(x, U)
]

= 0.95. The green dot is the
global optimum.
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We again manage to detect X1 and X2 separately from the other inputs with the TSA. However,
we observe that the TSA and the CSA detect X10 only 10% and 25% of the repetitions. Since we
know that X10 has a strong influence on the optimum, which goal-oriented SA does not detect, this
confirms that the optimization is difficult. Using our knowledge that x10 is only important near
the optimum, we restrict the domain by imposing x1 ≤ 0 and x2 ≤ 0 (southwest quadrant), which
contain the optimum. The volume of the design space is then divided by four, which should make
it easier to detect X10. This is indeed the case, as shown in Table 5.5, where both the CSA and
the TSA (and even a bit of the classical SA) detect X10. Associated boxplots are given in Figure
E.5 in Appendix.

HSIC X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
Classic 1.00 1.00 0.25 0.00 0.05 0.15 0.05 0.10 0.05 0.40
TSA 1.00 1.00 0.05 0.05 0.00 0.05 0.00 0.10 0.05 1.00
CSA 0.70 0.55 0.10 0.00 0.10 0.15 0.05 0.05 0.00 1.00

Table 5.5: Rejection rates on 20 repetitions of the design inputs obtained with classic, target and conditional HSIC for
f10

Loc and g10
Loc zoomed in the south-west quadrant (x1 ≤ 0 and x2 ≤ 0).

For the uncertain inputs, U10 is directly identified as influential by the goal-oriented SA, without
the need for zooming.

5.1.2.c EFISUR on the toy function

We run EFISUR on this harder case for the same budget allocations as for functions f10
Glob and

g10
Glob (180 + 20, 150 + 50 and 100 + 100). The different goals are kept the same by adjusting e∗.

The resulting data profiles are plotted in Figure 5.7. As expected, we observe that the algorithm
produces worse results. The optimization is more difficult for f10

Loc and g10
Loc and EFISUR struggles

more to reach the optimum. This time, even for e∗ + 10, only 100 + 100 allocation always reach
the optimum. When the constraint is a bit relaxed (two left columns), some of the runs with 100
iterations manage to reach even the hardest objective function goal of e∗ + 0.1. However, with a
threshold constraint of 0.95, almost no run achieves both e∗ + 1 and e∗ + 0.1 with only 200 model
evaluations.

Both Figures 5.5 and 5.7 now serve as reference results of EFISUR on our proposed toy functions.
In the next parts we test the algorithms of Chapter 4 on these two toy functions to see if we manage
to get better, similar or worse results than classical EFISUR.

5.2 Offline Sensitivity Analysis in EFISUR: numerical results on the toy
functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this part, we test the Offline approach, corresponding to the Off-SA and Off-seq-SA (algorithms
1 and 2).

5.2.1 Off-SA: One SA step before EFISUR
Off-SA (algorithm 1), summarized is Scheme 4.1, is based on a dimension reduction before EFISUR.
The dimension reduction is done by SA on the GPs in the initial dimension and trained with a
part of the budget of f and g evaluations. This part of the budget is important as the GP in initial
dimension need to be sufficiently reliable for the SA. Then, the remaining budget is shared between
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Figure 5.7: Data profiles of EFISUR for f10
Loc and g10

Loc with nine goals and with three budget allocations for 20 runs
associated to different initial lhs design.
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the initialization step in low dimension and the EFISUR iterations. We test the following budget
allocations: 160 + 20 + 20, 130 + 20 + 50, and 80 + 20 + 100 (size of the DoE in initial dimension
to fit the GP for the SA step + size of the initial DoE in small dimension + number of EFISUR
iterations in small dimension). The screening is done with a risk of αI = 0.05. The data profiles
for f10

Glob and g10
Glob are shown in Figure 5.8 obtained for 20 runs of the algorithm. The obtained
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Figure 5.8: Data profiles of Off-SA algorithm for f10
Glob and g10

Glob with nine goals and with three budget allocations for
20 runs associated to different initial lhs design.

results are a bit degraded compared to EFISUR, but they are still satisfactory. To understand why,
we can look at the result of the SA steps i.e. at the percentage of runs each input is kept for the
optimization. Table 5.6 shows that regardless of the budget allocation, the algorithm keeps only X1
and X2 for all runs. In table 5.6 we see that U1 is not always kept, other inputs being sometimes
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preferred. This can be a reason for the degradation of the results. This is accentuated when the
initial budget is small, because the SA results rely on GPs that are less predictive. This points the
main difficulty of the algorithm, which is to decide how much budget to allocate to the SA so that
the SA is reliable meanwhile enough budget remains to conduct EFISUR in small dimension.

Budget apportionment X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
160 + 20 + 20 1 1 0 0 0 0 0 0 0 0
130 + 20 + 50 1 1 0 0 0 0 0 0 0 0
80 + 20 + 100 1 1 0 0 0 0 0 0 0 0

Table 5.6: Percentage of kept X’s on 20 runs in the SA step of Off-SA algorithm for f10
Glob and g10

Glob.

Budget allocation U1 U2 U3 U4 U5 U6 U7 U8 U9 U10
160 + 20 + 20 0.75 1 0 0.05 0.1 0 0.05 0.05 0 0
130 + 20 + 50 0.8 1 0.05 0.05 0.1 0 0 0 0 0
80 + 20 + 100 0.65 1 0.1 0.1 0 0.05 0 0 0.05 0.05

Table 5.7: Percentage of kept U ’s on 20 runs in the SA step of Off-SA algorithm for f10
Glob and g10

Glob.

Being able to at least always detect X1 and X2 even with a small number of initial points is
reassuring, but not a very difficult task, as we saw in the SA results of Section 5.1.1 that X1 and
X2 were responsible for most of the output variability. This should be more difficult for f10

Loc and
g10

Loc, where X10 is difficult to detect. The data profiles for f10
Loc and g10

Loc and corresponding SA
results are shown in Figure 5.9 and Tables 5.8 and 5.9.

Budget allocation X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
160 + 20 + 20 1 1 0 0 0 0 0 0 0 0
130 + 20 + 50 1 1 0 0 0 0 0 0 0 0
80 + 20 + 100 1 1 0 0 0 0 0 0 0 0

Table 5.8: Percentage of kept X’s on 20 runs in the SA step of Off-SA algorithm for f10
Loc and g10

Loc.

Budget allocation U1 U2 U3 U4 U5 U6 U7 U8 U9 U10
160 + 20 + 20 0.95 1 0.05 0 0 0 0 0 0 0
130 + 20 + 50 0.75 1 0.05 0 0.05 0 0 0.05 0.05 0.05
80 + 20 + 100 0.45 1 0.15 0.05 0.2 0 0.05 0 0.05 0.05

Table 5.9: Percentage of kept U ’s on 20 runs in the SA step of Off-SA algorithm for f10
Loc and g10

Loc.

The obtained data profiles show a really bad performance of the algorithm on the functions f10
Loc

and g10
Loc. Even the simplest goal is reached between 20% and 35% of the runs. The reason for this

lies in the screening table, where we see that X10 is never detected as influential and so EFISUR is
run in the first two dimensions with the other inputs, in particular x10, fixed at random. Therefore,
unless x10 is luckily fixed at a value close to four, the algorithm has no chance to reach the true
optimum. Since we don’t manage to detect x10 with the largest possible initial part of the budget
(here 160), there is no hope the other allocations. The failure to detect x10 was expected, since in
Section 5.1.2 with real functions evaluations (without any GP approximations) we had to zoom on
the southwest quadrant to be able to detect X10. For the uncertain inputs, we were able to detect
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Figure 5.9: Data profiles of Off-SA algorithm for f10
Loc and g10

Loc with nine goals and with three budget allocations for 20
runs associated to different initial lhs design.
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U10 easily enough with the true functions, but this is not the case at all with the GPs. Even U1 is
not often retained when the GPs are fit to the smallest budget of 80 points. These difficulties in
detecting inputs that locally affect the optimization are reasons to add SA steps along the EFISUR
iterations.

5.2.2 Off-seq-SA: Multiple SA steps outside EFISUR iterations

In this section, we now test Off-seq-SA (algorithm 2), summarized in Scheme 4.2, which consists
of performing several SA steps between series of EFISUR iterations to modify the kept inputs for
the next iterations. A main difference here is the use of noisy GPs. They allow to consider the
impact of the removed inputs on the optimized function as noise of the evolving reduced model.
An important choice in the algorithm is the number of SA steps. It seems appropriate to perform
enough EFISUR iterations between two SA steps, so that the algorithm has time to find a better
optimum. Since the main goal of the method is to be able to detect the added inputs x10 and U10,
we test the algorithm only on f10

Loc and g10
Loc.

5.2.2.a Off-seq-SA with two SA steps

We first propose to only do two SA steps. The first one aims at reducing a lot the dimension to
reach areas of interest. Then a finer SA step aims at also detecting locally influential inputs.

With noisy GPs, evaluations used to fit the GPs in high dimension and perform the SA can
be reused to fit the noisy GPs in low dimension. No additional budget is then required for small
dimension initialization. We test four budget allocations. Three of them by dividing the iterations
budget in two equal parts: 180 + 2× 10, 150 + 2× 25, 100 + 2× 50. And one, 100 + 80 + 20 where
more iterations (80) are done after the 1st SA step than after the second (20). As the first SA step
is intended to reduce a lot the dimension, we limit the number of selected inputs by keeping only
the two most influential ones according to their rank in the ANOVA decomposition. Data profiles
are plotted in Figure 5.10 for the four budget allocations and the screening results of both steps
are given in Tables 5.10 and 5.11.

Budget allocation X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

100 + 80 + 20 1 1 0 0 0 0 0 0 0 0
1 1 0.1 0.2 0.05 0.1 0.15 0.15 0 0.35

100 + 2× 50 1 1 0 0 0 0 0 0 0 0
1 1 0.2 0.15 0.05 0.05 0.1 0.2 0 0.3

150 + 2× 25 1 1 0 0 0 0 0 0 0 0
1 1 0.2 0 0.05 0 0.1 0.2 0.1 0.15

180 + 2× 10 1 1 0 0 0 0 0 0 0 0
1 1 0.2 0.05 0.1 0.15 0.1 0.05 0.05 0.15

Table 5.10: Percentage of kept X’s on 20 runs in the first SA step (1st row) and second SA step (2nd row) of
Off-seq-SA algorithm with two SA steps for f10

Loc and g10
Loc.
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Figure 5.10: Data profiles of Off-seq-SA algorithm with two SA steps for f10
Loc and g10

Loc with nine goals and with four
budget allocations for 20 runs associated to different initial lhs design.
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Budget allocation U1 U2 U3 U4 U5 U6 U7 U8 U9 U10

100 + 80 + 20 0.45 1 0.1 0.05 0.05 0 0.1 0.1 0 0.15
0.8 0.95 0.45 0.2 0.15 0.2 0.15 0.2 0.1 0.35

100 + 2× 50 0.7 1 0.1 0.05 0.05 0 0 0.05 0 0.05
0.9 1 0.2 0.2 0.1 0.15 0.25 0.25 0.15 0.3

150 + 2× 25 0.95 1 0 0 0 0 0 0 0.05 0
0.65 0.9 0.3 0.1 0.2 0.1 0.1 0.1 0.2 0.1

180 + 2× 10 0.95 1 0 0.05 0 0 0 0 0 0
0.85 0.9 0.2 0.2 0.15 0.15 0.2 0.1 0.1 0.2

Table 5.11: Percentage of kept U ’s on 20 runs in the first SA step (1st row) and second SA step (2nd row) of
Off-seq-SA algorithm with two SA steps for f10

Loc and g10
Loc.

The obtained tables are better than the tables with only one SA step. For the X’s, we again
always keep X1 and X2, and we also sometimes manage to keep X10 in the second SA step, even
if it remains rare. The more iterations are done after the 1st SA step, the more runs are able to
keep X10 after the second SA step. Similar observations can be made for the uncertain inputs.
The data profiles (Figure 5.10) are slightly better than with only one SA step for the goal e∗ + 10.
For the other goals, they are very unsatisfactory and even worse than with only one SA step. For
example, even reaching e∗ + 1 with p2 = 0.94 is achieved in less than 10% of runs, regardless of the
budget allocation. As the SA results are better, it means that the degradation of the results comes
from the use of noisy GPs. Even if the algorithm keep X10 and U10 to refine the optimum, the GP
noise seems to hide small potential improvements. However, if all influential inputs are retained,
the noise should be small enough that it doesn’t interfere with the search for better points. This
means that we need to improve the way we deal with noise. Even if noisy GPs were perfectly fitted,
a major problem with using only two SA steps is that there is only one chance to detect inputs that
are influential only when approaching the optimum. If it is not detected, there are no more steps
to find it. On the other hand, if it is detected, there is no chance to forget it in a future SA step.

5.2.2.b Off-seq-SA with multiple SA steps

In this part, Off-seq-SA is tested with one SA step every 10 EFISUR iterations. We test initial
design of 150 and 100 points resulting in budgets allocations denoted 150+5×10 and 100+10×10.
First the SA steps are made without limiting the number of kept inputs. Then we also propose to
limit the number of inputs kept during the algorithm. We propose to do it sequentially along the
SA steps. For an initial budget of 150, we limit the number of possible retained inputs to 2 at the
first iteration and increase it by 2 at each SA step, so that all inputs might be kept in the last step.
The corresponding runs are denoted 150 + 5× 10 - seqSA. Similarly, 100 + 10× 10 - seqSA is done
by increasing the number of possible kept inputs by 1 one at each SA step. Since we are mostly
interested in the SA result of X10 and U10, the screening results for these two inputs only are given
in Table 5.12. Complete screening tables can be found in Tables E.1 and E.2 in the Appendix. The
data profiles are plotted in Figure 5.11.
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Figure 5.11: Data profiles of Off-seq-SA algorithm with a SA step every 10 iterations for f10
Loc and g10

Loc with nine goals,
two budget allocations, with and without limiting the number of kept inputs for 20 optimization runs.
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Budget allocation Sensitivity Analysis steps

100 + 10× 10 X10 0 0.15 0.15 0.4 0.65 0.75 0.85 0.95 1 1
U10 0.05 0.4 0.55 0.4 0.35 0.4 0.4 0.7 0.7 0.6

100 + 10× 10 - seqSA X10 0 0.15 0.2 0.2 0.4 0.5 0.55 0.6 0.8 0.95
U10 0 0.1 0.05 0.15 0.1 0.25 0.35 0.3 0.5 0.5

150 + 5× 10 X10 0 0.15 0.25 0.4 0.8
U10 0.05 0.35 0.3 0.2 0.1

150 + 5× 10 - seqSA X10 0 0.1 0.1 0.35 0.6
U10 0.1 0.15 0.15 0.3 0.15

Table 5.12: Percentage of kept X10 and U10 on 20 runs in Off-seq-SA algorithm for f10
Loc and g10

Loc along 5 or 10 SA
steps.

We observe in Table 5.12 that X10 is kept more and more often during the algorithm, regardless
of the budget allocation. For example, with an initial budget of 100 points and 10 SA steps, we
manage to always keep X10 in the last two sensitivity analysis steps. Unexpectedly, U10 seems to
be much harder to detect than X10, with e.g. at most 70% of the runs managing to keep it. This
wasn’t expected, since the SA results with the true functions of Section 5.1.2 showed that U10 is
easier to detect than X10. The sensitivity analysis on the sets seems to be more hindered by the
Gaussian process approximation than the SA on the X’s. This improvement of the screening steps
results in improvement in the data profiles. Figure 5.11 reveal an increase of the number of runs
that achieve any goal. Again, the more iterations, the better the results. Sequentially limiting the
number of retained inputs seems to degrade the results a bit in both the data profiles and the SA
results.

A strength of the proposed methods is that the GPs used to perform EFISUR are trained in a
small dimension. This means that the algorithm can be used even if the initial dimension is very
large. Only the GP regressions for the SA steps are done in the initial dimension and may become
difficult as the dimension increases.

The previous sections showed how Off-SA and Off-seq-SA algorithms behave on two test cases
of different difficulties. The algorithms give promising results, which opens up the use of EFISUR
in higher dimensions. The algorithms can clearly be improved, notably in the use of noisy GPs,
but they give a first answer to the use of SA in EFISUR. Now, instead of reducing the dimension
by SA outside the iterations of EFISUR, we add SA steps inside the optimizer iterations.

5.3 Online Sensitivity Analysis in EFISUR: numerical results on the toy
functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this part we test the second method, i.e. On-SA and On-2steps-SA (algorithms 3 and 4).

5.3.1 On-SA: Dimension reduction by SA on the acquisition functions
On-SA (algorithm 3) consists of a classical EFISUR with an additional SA step before each op-
timization of the two acquisition functions. Each SA step is performed either on EFI or on S to
reduce the dimension of X and U . This allows some time gain in computation, since the optimiza-
tion of the acquisition criteria should take less time to converge. The quality of the found optimum
of the acquisition functions may also be improved, since a smaller dimension reduces the chance
of missing the global optimum. The same budget allocations as for EFISUR are tested. We first
run the algorithm with f10

Glob and g10
Glob. The resulting data profiles are shown in Figure 5.12. They
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Figure 5.12: Data profiles of On-SA algorithm for f10
Glob and g10

Glob with nine goals and with three budget allocations for
20 runs associated to different initial lhs design.
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show that the algorithm performs quite well on f10
Glob and g10

Glob, which means that reducing the
dimension of the acquisition function optimization didn’t degrade the convergence. The screening
results given in Table 5.13 confirm that X1, X2 are always kept for the optimization of the EFI.
However, the results are very different for the SA steps on S given in Table 5.14. We observe that
each uncertain input is sometimes conserved without much difference for U1 and U2. Even if some
uncertain inputs should not affect the output in areas of interest, they are recognized as important
to reduce the variance of the feasible improvement at the added point. Interestingly, we observe
in the last column, called EFIRAND, that neglecting all inputs and randomly drawing the next U
happens a significant number of times during the runs (about 50% on the three budget allocations).
In Table 5.15 we detail the evolution of this last column during the iterations. We observe that
the number of times no Ui is kept increases with the iterations. This means that during the first
iterations of the algorithm, it is crucial to choose the new U wisely (by optimizing S). However,
this importance decreases drastically with iterations. This is an indicator that optimizing S is not
always necessary and can be a waste of time, which our algorithm avoids.

Budget allocation X1 X2 X3 X4 X5 X6 X7 X8 X9 X10
100 + 100 1.00 1.00 0.36 0.15 0.09 0.08 0.10 0.10 0.08 0.09
150 + 50 1.00 1.00 0.31 0.14 0.10 0.08 0.08 0.11 0.07 0.07
180 + 20 1.00 1.00 0.30 0.13 0.08 0.10 0.09 0.10 0.09 0.09

Table 5.13: Percentage of kept X’s for On-SA algorithm for f10
Glob and g10

Glob, averaged on 20 runs and on every
iterations.

Budget allocation U1 U2 U3 U4 U5 U6 U7 U8 U9 U10 EFIRAND
100 + 100 0.31 0.24 0.22 0.20 0.21 0.21 0.21 0.21 0.21 0.21 0.58
150 + 50 0.21 0.32 0.24 0.20 0.23 0.26 0.24 0.16 0.20 0.25 0.57
180 + 20 0.23 0.35 0.18 0.21 0.17 0.24 0.25 0.19 0.26 0.21 0.44

Table 5.14: Percentage of kept U ’s for On-SA algorithm for f10
Glob and g10

Glob, averaged on 20 runs and on every
iterations. EFIRAND column correspond to the iterations where none Ui is kept.

Budget allocation 100 + 100 150 + 50 180 + 20
1 to 10 iterations 0.26 0.285 0.345
11 to 20 iterations 0.41 0.595 0.54
21 to 30 iterations 0.45 0.595
31 to 40 iterations 0.57 0.655
41 to 50 iterations 0.57 0.695
51 to 60 iterations 0.67
61 to 70 iterations 0.71
71 to 80 iterations 0.68
81 to 90 iterations 0.70
91 to 100 iterations 0.76

Table 5.15: Evolution of the averaged times when none uncertain input is kept after the SA on S for On-SA algorithm
run 20 times for f10

Glob and g10
Glob

In Figure 5.13, the data profiles obtained for f10
Loc and g10

Loc show that the efficiency of the
algorithm decreases in the presence of locally influential inputs. The algorithm doesn’t even manage
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to reach the intermediate objective of e∗ + 1. Interestingly, the results don’t seem to change when
the constraint is relaxed (from right to left). In this algorithm, the GPs are built in the initial
dimension, so the failure of the algorithm can only be explained by failures of the SA steps in
keeping X10 for the EFI optimization. To verify this, the evolution of the screening results for X10
is given in Table 5.16. We observe that X10 is kept to optimize the EFI only after several iterations.
With budget allocations of 150 + 50 and 180 + 20, the algorithm has no time to detect X10, which
explains the results in these cases. Even with a hundred iterations, the algorithm keeps X10 only
75% of the time in the last 10 iterations, where we would hope X10 to be always kept. Adding
another SA step should aid to keep X10.
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Figure 5.13: Data profiles of On-SA algorithm for f10
Loc and g10

Loc with nine goals and with three budget allocations for
20 runs associated to different initial lhs design.
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Budget allocation 100 + 100 150 + 50 180 + 20
1 to 10 iterations 0.14 0.07 0.12
11 to 20 iterations 0.15 0.21 0.14
21 to 30 iterations 0.22 0.24
31 to 40 iterations 0.30 0.25
41 to 50 iterations 0.43 0.40
51 to 60 iterations 0.47
61 to 70 iterations 0.65
71 to 80 iterations 0.66
81 to 90 iterations 0.76
91 to 100 iterations 0.75

Table 5.16: Evolution of the averaged times X10 is kept after the SA on the EFI for On-SA algorithm ran 20 times for
f10

Loc and g10
Loc.

5.3.2 On-2steps-SA: Two-steps dimension reduction by SA on the acquisition functions

5.3.2.a On-2steps-SA
On-2steps-SA (algorithm 4) consists in adding another SA step in the optimization of the acqui-
sition functions to detect locally influential variables. Since one SA step was sufficient for f10

Glob and
g10

Glob, the algorithm is tested only for f10
Loc and g10

Loc, and the resulting data profiles are shown in
Figure 5.14. The added SA step greatly increases the efficiency of the algorithm. For example, with
100 initial points, 90% of the runs reach e∗ + 10 for any constraint level after only 50 iterations,
while the previous algorithm reached it after iteration 90. This is also the case for larger initial
design. Table 5.17 confirms that the added SA step greatly increases the number of times X10 is
kept.

Budget allocation 100 + 100 150 + 50 180 + 20
1 to 10 iterations 0.25 0.21 0.21
11 to 20 iterations 0.42 0.50 0.44
21 to 30 iterations 0.66 0.73
31 to 40 iterations 0.71 0.79
41 to 50 iterations 0.79 0.83
51 to 60 iterations 0.86
61 to 70 iterations 0.88
71 to 80 iterations 0.94
81 to 90 iterations 0.93
91 to 100 iterations 0.89

Table 5.17: Evolution of the averaged times X10 is kept with two SA steps on the EFI for On-2steps-SA algorithm ran
20 times for f10

Loc and g10
Loc.

5.3.2.b On-2steps-SA-free
One of the reasons the results remain moderate, especially for hard objectives, is that with this
approach x10 is often not simultaneously optimized with x1 and x2. Indeed, x1 and x2 are mostly
optimized after the first SA step while x10 is only detected in the second step. This can have a
negative impact on the optimization, especially if the inputs interact with each other. To overcome
this problem, we test On-2steps-SA-free, the variant of the previous algorithm, in which the
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Figure 5.14: Data profiles of On-2steps-SA algorithm for f10
Loc and g10

Loc with nine goals and with three budget
allocations for 20 runs associated to different initial lhs design.
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first kept inputs are no longer fixed but are again optimized in the second optimization step. This
second optimization is done in a higher dimension than the first, but remains small compared to
the initial dimension. To use the result of the first optimization step, the found optimum is used
as a starting point for the second optimization. Associated data profiles are plotted in Figure 5.15
and we observe that, at the cost of a second optimization of the acquisition function in a larger but
small dimension, we manage to obtain slightly better results.
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Figure 5.15: Data profiles of On-2steps-SA-free algorithm for f10
Loc and g10

Loc with nine goals and with three budget
allocations for 20 runs associated to different initial lhs design.

117



Ch
ap

te
r5

Ch
ap

te
r5

Ch
ap

te
r5

Ch
ap

te
r5

Ch
ap

te
r5

Ch
ap

te
r5

5.4 Numerical comparison of the algorithms on the toy functions . . . . . . . . . . . . . . . . . .

In this part we propose a comparison of the algorithms both in terms of result quality and compu-
tation time. Figure 5.16 compares all methods for 100 initial points and 100 iterations, as it gave
the best results in terms of final goals reached. Except for Off-SA, all algorithms manage to reach
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Figure 5.16: Data profiles of all algorithms for f10
Loc and g10

Loc with nine goals and 100 iterations for 20 runs associated
to different initial lhs design.

e∗ + 10 on every run. EFISUR and both versions of On-2steps-SA do it a little faster than the
others. For the goals e∗ + 1 and e∗ + 0.1 with p = 0.94 or p = 0.93, EFISUR beats all others,
followed by Off-seq-SA and On-2steps-SA-free. For the initial constraint threshold p3 = 0.95,
these two algorithms are slightly better than EFISUR. The same comparison with only 50 and 20
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iterations is shown in figures E.6 and E.7 in Appendix, where On-2steps-SA-free is almost always
better than EFISUR.

These comparisons are made only by measuring the efficiency of the algorithms in terms of the
number of model evaluations. Each algorithm also requires a different computation time, which
should be taken into account especially if is comparable to the time computation of f and g. The
running times of each algorithm for the functions f10

Loc and g10
Loc are given in Table 5.18.

Duration of Off-SA GP EFI S SA-x SA-u rest total
EFISUR 0.00 1400 729 10200 0.00 0.00 45.2 12400
Off-SA 76.4 16.8 132 353 0.00 0.00 0.24 502

Off-seq-SA 177 317 193 699 0.00 0.00 252 1460
On-SA 0.00 1370 306 800 127 164 46.0 2810

On-2steps-SA 0.00 1390 481 949 225 164 46.9 3260
On-2steps-SA-free 0.00 1380 603 912 226 159 47.4 3330

Table 5.18: Averaged computation time in seconds for each algorithm and for each inner step for 180 starting points and
20 iterations. From left to right, the inner steps are the SA steps outside EFISUR, the Gaussian process modeling, the

optimization of EFI and S, the inner SA steps, and some remaining costs for 20 optimization runs.

We observe that EFISUR requires four times the computation time of online SA algorithms.
The gain is mainly due to the optimization of S, which consumes most of the time of EFISUR. For
offline algorithms, the reduced dimension of the GP allows to gain time both in the fitting of the
GPs and in the optimization of EFI and S, which leads to a huge time gain. However, in the case
of expensive f and g, these gains may be small compared to the time required to compute f and g.

The time computations of a single step of each algorithm are computed in Figure 5.17 as the input
dimension increases. For the two Online-SA algorithms, we simply add the time computation of the
SA step. For the Offline-SA algorithms, as the SA steps are used for multiple EFISUR iterations,
we divide the SA computation time by 10, which is the minimum number of iterations for which
one SA step is used. The time difference was already important in the dimension d = p = 10, but it
increases a lot with the dimension. Both Off-SA and Off-seq-SA keep a very small computation
time, since the dimension increase only affects the time of the SA steps. However, for these steps
to be trustworthy, the initial modeling of the true functions must be good, which becomes more
difficult in high dimension. For the Offline SA algorithms, we gain a lot compared to EFISUR
with about 10 times less computation time in dimension 30 + 30 when it was only four times in
dimension 10 + 10. This gain is explained by the fact that the computation time of the acquisition
functions, and also the number of evaluations required for their optimization, explode with the
dimension. This difference is mitigated by the SA analysis steps of the algorithm, but the latter
can be parallelized while the optimization of the acquisition functions cannot.

5.5 Application: Optimization of an electric machine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this last part, we apply our algorithms to the test case previously presented in Section 2.4.3,
from [137]. In [137], a sensitivity analysis is performed in the context of the robust conception of
an electrical machine. The machine studied is a permanent magnet synchronous reluctance motor,
which is one of the most commonly used machines in electric vehicles today. The aim of the authors
is to take into account the uncertainties (manufacturing and assembly tolerances) on the geometrical
and magnetic parameters of the machine components in the optimization of the mean torque (to
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be maximized) and the torque ripple (to be minimized). The resulting optimization problem is

min
x∈X

(E [fripp(x, U)] ,E [−gtorq(x, U)]) , (5.2)

where fripp is the torque ripple and gtorq is the mean torque both defined on X ⊂ R12 and U ⊂ R14.
U1 to U12 are manufacturing tolerances at each x, while U13 and U14 describe the magnetic material
properties. The range of the x and the laws of the U were given in Figure 2.2 of Chapter 2. After
performing a sensitivity analysis on the uncertain inputs using SHset

j of the excursion sets of the
optimization problem, we obtained in Chapter 2 that the most influential uncertain inputs are, in
this order, U13, U14, U2, U3, and U5 (see Figure 2.3) and then, to a lesser extent, U8 and U1. The
rest were found to be negligible in the multi-objective optimization problem.

In our case, the algorithms are made for single objective optimization with constraints. The
problem (5.2) is adapted and we aim to minimize the expectation of the torque ripple fripp, while
the probability of the mean torque gtorq being higher than 420 N.m is above 95% as defined in the
following equation:

x∗ = arg min
x∈K

E[fripp(x, U)] where K = {x ∈ X , P[420− gtorq(x, U) ≤ 0] ≥ 0.95}.

For this problem, we run each algorithm a single time on a budget of 10× (12 + 14) = 260 model
evaluations. We only test them with an initial design half the size of the budget (130 points)
because it gave the best results on the toy functions. In Figure 5.18 we plot the evolution of the
current minimum for each algorithm. At first it seems that EFISUR beats every algorithm. But
the obtained points minimize the objective function and respect the constraint only through their
metamodels Z and C. The latter have potentially large errors, especially if the GPs are in large
dimension. On the toy functions, we could estimate the true probability and the true expectation
at the current optimum, using important number of f and g evaluations. However, in this case and
in real cases, this is not affordable, so a more clever validation step is needed.

5.5.1 Validation
Without uncertainties, we can simply evaluate some of the best points given by the algorithm on
the real model and keep the best ones. With uncertainties, we don’t have access to true evaluations
of E[fripp(x, U)] and P[420− gtorq(x, U) ≤ 0], but only to evaluations of fripp(x, u) and gtorq(x, u).
An important validation budget is then required so that E[fripp(x, u)] and P[420− gtorq(x, u) ≤ 0]
can be better estimated for some points of interest. We call these better estimates high fidelity
estimates and estimate them with additional evaluations of fripp and gtorq. Since this can be an
important budget compared to the optimization budget, we want to strongly limit the number of
tested points, denoted kmax, and to choose them very carefully. In EFISUR the best point is given
by:

x∗ = arg min
x∈X (t)

E(Z(t)
x ) s.t. E(C(t)

x ) ≤ 0. (5.3)

The obtained point x∗ minimizes the mean objective function while satisfying the constraint, relying
on the surrogate models Z and C. However, they may have significant errors, especially in high
dimension. Selecting only the best points according to this criterion may lead to points that don’t
respect the true constraint and may have a higher than expected mean objective function. To
overcome this problem, we propose a validation methodology. However, this is a preliminary work
and many changes and improvements are possible.

Our validation method consists in using the previously tested high-fidelity estimates to judge the
quality of the GPs and to adjust the choice of the next point. If the GPs are trustworthy, the next
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Figure 5.18: Value of the estimated current feasible minimum at each iterations for all algorithms with a budget of 260
model evaluations with 130 points for the initial DoE.
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point is selected as the next best point using the same GPs. However, if we observe large errors in
the GPs, the GPs are adjusted before selecting the next points.

In practice, we want feasible points, so we decide to focus on the constraint. To do so, we define
modified constraint processes Cc

x by

Cx = α− PU (G(x,U) ≤ c),

where the constraint threshold c can be modified. Then, to select the points where high fidelity
estimates are computed, denoted (x∗

1, ..., x∗
kmax

), we propose Algorithm 6.

Algorithm 6 Validation
1: k ← 1, c← 0
2: x∗

k = arg min
x∈X (t)

E(Z(t)
x ) such that E(Cc,(t)

x ) ≤ 0.

3: High fidelity estimate : pk = P[420−gtorq(x∗
k, U) ≤ 0] with evaluations of gtorq of the validation

budget
4: while k ≤ kmax do
5: if |pk − 0.95| < ε then
6: x∗

k+1 = arg min
x∈X (t)\{x∗

i
}k

i=1

E(Z(t)
x ) such that E(Cc,(t)

x ) ≤ 0.

7: else
8: x∗

temp ← x∗
k

9: while x∗
temp ∈ {x∗

i }k
i=1 do

10: Set s the index such that x∗
temp = x∗

s

11: if ps < 0.95 then
12: Decrease c.
13: else
14: Increase c.
15: end if
16: x∗

temp = arg min
x∈X (t)

E(Z(t)
x ) such that E(Cc,(t)

x ) ≤ 0.

17: end while
18: x∗

k+1 ← x∗
temp

19: end if
20: High fidelity estimate : pk+1 = P[420− gtorq(x∗

k+1, U) ≤ 0] with evaluations of gtorq of the
validation budget

21: k ← k + 1
22: end while
23: High fidelity estimates : E[fripp(x, U)] for all x ∈ {x∗

i }
kmax
i=1 with evaluations of fripp of the

validation budget.

The main choice in the validation algorithm is the criterion to decide whether c should be
increased or decreased. We propose a criterion based on the value of the high fidelity estimate of
pk ≈ P[420− gtorq(x∗

k, U) ≤ 0]:

• If pk ≈ 0.95, then the next point x∗
k+1 is taken as the second best point (according to

(5.3)) without changing the constraint process by modifying c. We justify this choice by
assuming that, with active constraints, the (true) optimum x∗ should be at the bound P[420−
gtorq(x∗, U) ≤ 0] = 0.95. Then pk ≈ 0.95 means that the criterion (5.3) that relies on the
processes has indeed provided a point near the boundary. The GPs can then be trusted (at
least in this domain), and we won’t change them.
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Figure 5.19: Best five points for each algorithm obtained after validation with a budget of 100 evaluations of fripp and
gtorq for each point.

• On the other hand, if pk is far from 0.95 (either in non-feasible regions pk << 0.95 or in
non-active constraint regions pk = 1), the GPs don’t seem to provide relevant points, so we
change the constraint threshold c to compensate for their error:

– If pk << 0.95, c is decreased. Indeed, pk << 0.95 implies that PU (G(x,U) ≤ c) overes-
timates pk ≈ PU (420 − gtorq(x, U) ≤ 0), and should then be reduced which is done by
decreasing c.

– Similarly, pk >> 0.95, c is increased.

We use kmax = 5 points with high fidelity estimates done by crude MC with 100 points for a total of
500 evaluations of fripp and gtorq. The resulting optima for each algorithm are shown in Figure 5.19
by plotting E[fripp(x, U)] against P[420 − gtorq(x, U) ≤ 0]. Contrary to the results of Figure 5.18,
EFISUR does not necessarily lead to the best optima. This means that the GP errors in EFISUR
are higher than in other algorithms and can lead to worst points. By reducing the dimension, our
algorithms allow to reduce these errors and to obtain better points.

For comparison, the multiobjective problem (5.2), with also the constraint P[420− gtorq(x, U) ≤
0], is solved in [138], using an adapted EFISUR version for multiobjective, after an initial dimension
reduction by SA using the results of [137] (which can be compared to our Off-SA algorithm). In
[138], all design inputs except X8 are kept, and only U13, U14, U1, U2, U3, and U5 for the uncertain
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Figure 5.20: Non-dominated machines proposed by each optimization for α ∈ {0.01, 0.03, 0.05, 0.07, 0.1}. Color stands
for the predicted P[420 − gtorq(x, U) ≤ 0]. Figure taken from [138].

inputs, which is almost the same as our results in Chapter 2 (where SA was done only on the
uncertain inputs). Another difference is that the uncertainties are considered under an x + U
form. With 235 iterations (140 for the initial DoE and 19 iterations with 5 added points at each
iteration), the authors of [138] obtain the Pareto front shown in Figure 5.20. We observe that their
best E[fripp(x, U)] with P[420− gtorq(x, U) ≤ 0] are between 6% and 7%. In our case (Figure 5.19)
we get smaller values of E[fripp(x, U)] with 4.5% and 99% for the best point of On-2steps-SA-
free. However, we are not trying to maximize E [gtorq(x, U)] but only to verify the constraint, so
our obtained points may have a lower E [gtorq(x, U)] than the best points of Figure 5.20.

In terms of SA results, we can compare if our algorithms keep the same inputs as those of [138]
and of Chapter 2. We don’t necessarily expect the same kept inputs as [138] since we don’t perform
the same optimization. Also, the online methods clearly don’t look at the same effect of the inputs
as the online methods. We still provide Tables 5.19 and 5.20 showing which inputs are kept for
[138] and Off-SA, and what percentage each input is kept on all SA steps for the other algorithms.

For the design inputs, only X8 was removed in [138]. For our algorithm, X8 is also removed
except for the Off-seq-SA algorithm. We also almost never keep X10, X11, and X12, and to a
lesser extent X4 and X6. On the other hand, X1, X2, X3, and X5 are always kept regardless of
the method, while X7 and X9 are only detected with the second version of the online and offline
algorithms.

For the uncertain inputs, the results are very different depending on the method. We still recover
that for the SA method of [138], and offline algorithms, U13 and U14 are kept. For example, we also
keep U8, U10, and U12, but this is logical since we measure the effect of U differently. Interestingly,
the online methods show a strong effect of U2, which seems to be important to reduce S, i.e. the
variability of the one step ahead feasible improvement.

To conclude this chapter, we can say that the numerical results obtained both on toy functions
and on a real test case show that the algorithms proposed in chapter 4 open the use of EFISUR to
higher dimension, producing comparable if not sometimes better results for a reduced computational
time.
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Method X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12
Multi-obj [138] 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 1.00

Off-SA 1.00 1.00 1.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Off-seq-SA 1.00 1.00 0.85 0.38 0.69 0.31 0.62 0.62 0.62 0.08 0.08 0.00

On-SA 1.00 1.00 1.00 0.07 0.92 0.01 0.06 0.09 0.22 0.07 0.03 0.01
On-2steps-SA 1.00 1.00 1.00 0.21 1.00 0.02 0.78 0.15 1.00 0.21 0.03 0.05

On-2steps-SA-free 1.00 1.00 1.00 0.11 0.99 0.06 0.81 0.05 0.80 0.02 0.06 0.04

Table 5.19: Percentage of kept design inputs during the SA steps of each algorithm, on the electric machine test case.

Method U1 U2 U3 U4 U5 U6 U7 U8 U9 U10 U11 U12 U13 U14
Multi-obj [138] 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00

Off-SA 1.00 1.00 0.00 1.00 0.00 0.00 0.00 1.00 0.00 1.00 0.00 1.00 1.00 1.00
Off-seq-SA 0.54 0.15 0.92 0.15 0.77 0.08 0.00 0.69 0.08 0.62 0.15 0.54 0.92 1.00

On-SA 0.12 0.86 0.08 0.05 0.07 0.02 0.05 0.12 0.05 0.05 0.05 0.07 0.05 0.11
On-2steps-SA 0.04 0.99 0.05 0.03 0.04 0.12 0.04 0.03 0.06 0.03 0.04 0.03 0.02 0.03

On-2steps-SA-free 0.10 0.99 0.10 0.48 0.12 0.41 0.17 0.05 0.15 0.22 0.13 0.08 0.09 0.12

Table 5.20: Percentage of kept uncertain inputs during the SA steps of each algorithm, on the electric machine test case.
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6
Conclusion and perspectives

6.1 Summary of the main contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
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6.2.2 Part 2 : SA and EFISUR 129

In this last chapter, we conclude the thesis by first summarizing the main contributions and then
detailing perspectives of research.

6.1 Summary of the main contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The first main contribution, corresponding to the first part of the thesis, is to propose ways to
perform SA of set-valued models. Chapter 2 introduces sensitivity indices corresponding to HSIC-
ANOVA indices but for set-valued outputs. They rely on the strength of kernels for comparing
elements of complex types, which are used here to compare sets with a kernel kset shown to be
characteristic. An estimator adapted to sets is also introduced and its convergence is studied. Since
Hset doesn’t have any rivals to compare with, we propose in Chapter 3 two other types of indices.
The first is inspired by Sobol’ indices, but adapted to sets using random set theory. The second is
based on universal indices, which are existing indices designed to be flexible enough to be used in
any metric output space. With these three indices, a comparison is made both on a toy function
and on a real test case of a pollutant map concentration model.

The need to perform a SA of sets originally arose from the question of quantifying the effect of
uncertain inputs on a robust optimization problem. This leads to the second main contribution of
the thesis, which is to propose adaptations of EFISUR, a robust Bayesian optimization algorithm,
to make it usable in higher dimensions. These adaptations, based on SA steps at different points of
the algorithm, are first presented in Chapter 4. Two different approaches are introduced. The first
one is based on dimension reduction before or between EFISUR iterations. The second one aims at
reducing the dimension of the acquisition criteria optimization at each EFISUR iterations. Then,
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in Chapter 5, all these methods are tested and compared on toy functions. The toy functions are
built so that the dimension can be chosen and are of different complexity. Finally, the algorithms
are tested on a real test of the robust design of an electrical machine. These various comparisons
show that the algorithm performs well enough and allows important computational time gains,
especially as the dimension increases. However, a lot of work remains to perfect the algorithm, and
some ideas are given in the perspectives.

6.2 Summary of the perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we use the same plan as the manuscript and we list different potential upgrades or
studies for each part of the thesis.

6.2.1 Part 1: SA of set-valueds models
HSIC-BASED SA INDICES FOR SET-VALUED MODELS In the second and third chapters, we propose
and test HSIC-ANOVA indices for set-valued indices based on a kernel kset that is shown to be
characteristic. We also introduce a nested Monte Carlo estimator of HSIC-ANOVA, of which we
compute the quadratic risk.

• Our proposed nested MC estimator of HSIC(Ui, Γ) has only a quadratic risk convergence rate
of 1

n
+ 1

m
. We show in Section B.1.6 of Appendix B that it becomes 1

n
+ 1

m2 in the case of
independent m-samples. However, the latter case is not profitable, since it greatly increases
the number of model evaluations. The question then is whether we can approach the rate
of 1

n
+ 1

m2 without adding model evaluations. One idea is to use a well chosen m sample
(e.g. quasi-MC sequences), which might improve the convergence rate in m and produce a
convergence rate between 1

m
and 1

m2 .
• We proposed only one kernel for sets. To have other kernels, one idea is to draw inspiration

from kernels in the case of scalar outputs. For example, if we see kset as a Gaussian kernel,
adding a square root would make a Laplace kernel, and equivalents of matérn kernels can be
proposed by replacing |x − y|2 by the volume of the symmetric difference. It would then be
interesting to adapt the proofs of 2.1 and 2.3, i.e. that it is indeed a kernel, and that it is
characteristic. However, the adapted proofs don’t seem straightforward.

• We have only shown that kset is characteristic, which is not enough to make kset characteristic
in the context of a pair of set-valued outputs. This is a sufficient condition (along with
a characteristic input kernel) to have independence if and only if HSIC is zero. It would

then be interesting to show whether kset ⊗ kset and even
r⊗
1

kset are characteristic kernels.

Although we have not attempted the proof, we think that the proof that kset is characteristic
can be generalized for products of kset, especially since the product of the exponential is the
exponential of the sum.

• We have restricted HSIC of sets to the ANOVA case, i.e., with ANOVA input kernels, which
greatly simplifies the HSIC expression, leading to only one expectation to be estimated instead
of the sum of 3. It has then become much easier to prove Proposition 2.4, i.e. the convergence
of the risk of the nested estimator. The corresponding nested estimator of classical HSIC is
straightforward, using a nested estimator for each 3 term. It would then be interesting to
compute the corresponding quadratic risk and see if its convergence rate remains similar.
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VOROB'EV BASED INDICES The proposed Vorob’ev index lack good "sensitivity indices" property such
as decomposition and are costly to estimate. Detailed in Appendix C, alternative formulations also
based on Vorob’ev expectation or median can be used, but don’t seem to provide easier estimation
nor better properties. One line of research may be to use other random set expectations such as
the Selection or Debreu expectations presented in Section A.2.1 of Appendix A. They don’t have
a direct deviation, but the volume of the symmetric difference can still be used. However, even if
this leads to indices with nice properties, their estimation would probably be too costly.

UNIVERSAL INDICES Since we have seen that the effect of the test sets is very strong, it would be
interesting to try to study this effect in detail, both from a theoretical perspective and through
numerical tests on different examples.

6.2.2 Part 2 : SA and EFISUR
OFFLINE SA Offline approaches rely on dimension reduction steps by SA between series of EFISUR
iterations. The SA is performed on the predicted mean of GPs in high dimension to reduce the
dimension on which noisy GPs are used for EFISUR iterations.

• The SA is done on the predicted mean of the GPs, either on µF and µG for HSIC of sets
for the uncertain inputs, and on µZ and µC for the GOSA indices for the x. It would be
interesting and appropriate to adapt the SA to the fact that we are using GP, e.g. inspired
by the work of [100], where Sobol’ indices have been adapted when calculated on a GP in
order to integrate GP modeling error in their estimation.

• Even if the choice of a GP modeling for the SA steps seems logical, since it is the same one used
in EFISUR, it might be more appropriate to use other surrogates for the SA steps, possibly
more suitable for a sensitivity analysis. This would mean having two different surrogates, one
for the SA and GPs for EFISUR, which is possible but only for offline methods.

• In Off-seq-SA it would be interesting and crucial to improve the way we deal with noise.
We proposed to use a noisy GP so that the temporarily removed inputs are not evaluated
at fixed values. The noisy GP is fitted with a noise determined by the GOSA, with the
intuitive idea that the noise should be low in regions of interest determined by the goal-
oriented transformation. From our point of view, it would be interesting to study and propose
more general goal-oriented approaches to deal with GP noise.
It may also be appropriate to treat the noise differently. In our case, inspired from [5], we
could use a sum of two GPs, using a high fidelity one for the selected inputs and a low fidelity
one for the removed inputs.
It might also be interesting to modify the EFISUR acquisition criteria to adapt them to noise,
as in [54], where the expected improvement is penalized by the noise, so that areas of strong
noise are treated differently from noise-free areas.

• In Off-seq-SA, we simply propose to perform a SA step every niter/step iterations. It would
be interesting to define a criterion to decide when and if a new SA step should be performed.
This criterion could be based on a measure of the convergence of the algorithm in the current
small dimension: if the algorithm has converged, it means that it might be necessary to add
(or remove) some dimension to explore different areas.

ONLINE SA Online approaches reduce the dimension of the acquisition criteria optimizations at
each iteration.

• In online algorithms, the SA of the proxy S has shown that S is often optimized for nothing,
in the sense that no U affects S. This happens especially at the end of the algorithm, i.e.,
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after several iterations. Therefore, it may be worthwhile to explore alternative optimization
criteria to improve EFISUR algorithm.

• We decided to perform a SA on the acquisition criteria, specifically on EFI and S. A sensitivity
analysis directly on the optimization functions f and g (using the GP means), similar to what
is done in offline algorithms, could also be considered. This approach is justified because while
we are optimizing EFI and S, the primary objective is still to minimize f while ensuring that
g ≤ 0. Moreover, such a SA would be less costly, since predictions based on GP means are
much cheaper compared to computations of EFI and S.

• For On-2steps-SA, generalized with On-seq-SA with sequentially coupled "SA/optimiza-
tion in small dimension", it would be appropriate to define a criterion for stopping or con-
tinuing with "SA/optimization" steps. This criterion could be based on the SA results, e.g.
deciding to stop if no input influences the output sufficiently.

OFFLINE AND ONLINE SA The two presented approaches can easily be merged. In a context of very
high dimension, it may be appropriate to reach a reasonable dimension with offline approaches and
to keep reducing the dimension before each acquisition function optimization.

GENERALIZATION OF THE APPROACHES Both the offline and online algorithms presented are designed
for the EFISUR algorithm. However, their general idea can be adapted to any robust Bayesian
optimization algorithm. It would be important to clearly distinguish what is specific to EFISUR
and what is not, in order to write these four algorithms (possibly reunited in one or two algorithms)
in a context of generic BO, especially with arbitrary acquisition criteria.

VALIDATION The suggested validation step is preliminary work. It can be modified with :

• Changing the criterion for selecting points.
• Changing the criterion to decide to adjust the process C by modifying the threshold c. It

would be interesting to construct a criterion that directly uses the error at the point of interest
to decide how to adjust the GPs. The criterion should also use the objective process Z.

• During the validation algorithm, the evaluations f and g used for high fidelity estimates
should be used to increase the accuracy of the current GPs.
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A
Appendix of chapter 1: Some elements of random
set theory

A.1 A bit of random set theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A goal of the thesis is to propose ways to perform a SA of excursion sets Γ defined by

Γ = {x ∈ X , f(x, U) ≤ q, g(x, U) ≤ 0}, (A.1)

to quantify the effects of the uncertain inputs. This implies the use of a random set theory. Some
elements of the random set theory of [105] are presented in the following.

A.1.1 Random set definition
Let X be a locally compact Hausdorff second countable topological space (think of any compact
subset of Rd, like [0, 1]d). Since the power set P(X ), i.e., the space of all subsets of X , is too large,
the notion of random sets is often defined for certain subsets of P(X ). The most common choice
is to consider only random closed sets, defined as random elements in the space of closed subsets
F(X ). A random closed set is then defined as a F(X )-valued random variable, i.e. a measurable
map from (Ω,F) to F(X ) with a σ-algebra to choose. Instead of using the classical definition of
measurability, [105] proposes a more practical definition of random sets::

Definition A.1 (Definition of a random closed set). A map Γ : Ω 7→ F(X ) is called a random
closed set if,

∀K ∈ K(X ) {ω ∈ Ω, Γ(ω) ∩K 6= ∅} ∈ F .

where K(X ) denotes the compact subsets of X .

A random set Γ is thus defined in such a way that one can always say whether a Γ realization
hits any compacts or not. This definition does correspond to a classical definition of measurability,
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when endowing F(X ) with the σ-algebra B(F(X )) generated by {F ∈ F(X ), F ∩ K 6= ∅} for
K ∈ K(X ), called Effros’ σ-algebra.

Example A.1. For X ⊂ Rd, the closed ball (for the || · ||2 norm) B(0, R) of random radius a
random variable R is a random closed set.

Proof. The proof uses the continuity of || · ||2 and the existence of a dense countable subset of any
compact K ⊂ Rd (as it is a compact subset of a separable space).

Let K ∈ K(X ). Let us show that c{ω ∈ Ω, B(0, R)(ω) ∩ K 6= ∅} ∈ F where cA denotes the
complement of A.

c{ω ∈ Ω, B(0, R)(ω) ∩K 6= ∅} = {ω ∈ Ω,∀x ∈ K, ||x||2 ≥ R(ω)}

=
⋂

x∈K

R−1([0, ||x||2])

Let then Kdense be a dense countable subset of K. Let us show that⋂
x∈K

R−1([0, ||x||2]) =
⋂

x∈Kdense

R−1([0, ||x||2]).

• ⊂ : True as Kdense ⊂ K.
• ⊃ : Let ω ∈

⋂
x∈Kdense

R−1([0, ||x||2]), i.e., ∀x ∈ Kdense ||x||2 ≥ R(ω). Let x ∈ K and xn → x

with xn ∈ Kdense i.e., ||xn|| ≥ R(ω). By continuity of the norm, we obtain ||x|| ≥ R(ω).
Finally, ∀x ∈ K, ||x|| ≥ R(ω), i.e., ω ∈

⋂
x∈K

R−1([0, ||x||2]).

We can then conclude as R−1([0, ||x||2]) ∈ F so complement and the countable union remains in
F .

Example A.2. Under the assumption that g(., u) is continuous on X for all u ∈ U and g(x, ·) is
measurable on U for all x ∈ X , the excursion sets of (A.1) are random closed sets.

Proof. The proof is similar than the previous proof.

Given this definition, classical notions associated with random variables, such as the probability
distribution function and the expectation, can be derived. For example, the capacity functional
is the counterpart of the pdf, and the selection expectation corresponds to a classical notion of
expectation. However, they do not provide good numerical approximations and are not easy to
interpret. For this reason, in this thesis we focus on another expectation, the Vorob’ev expectation,
which is the most widely used in the literature.

A.1.2 Vorob'ev expectation and deviation
Given a random set Γ, the Vorob’ev expectation relies on a coverage function that measures the
probability of each x ∈ X to be in Γ:

Definition A.2 (Coverage function). The coverage function pΓ of a random set Γ is defined for
all x ∈ X by

pΓ(x) = P(x ∈ Γ).

From pΓ, quantiles can be defined:
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Definition A.3 (Vorob’ev quantiles). For α ∈ [0, 1], the α-th Vorob’ev quantile Qα is given by:

Qα = {x ∈ X , pΓ(x) ≥ α}.

Q0.5 is called the Vorob’ev median.

The Vorob’ev expectation is then defined as the Vorob’ev quantile whose volume is closest to the
mean volume of Γ. Before introducing it, we need to justify that the mean volume of Γ is defined.
This is based on Robbins’ theorem proved in [105].

Theorem A.1 (Robbins’ theorem ([105]) ). Let Γ be a random closed set in a Polish space X . If
λ is a locally finite measure on B(X ), then λ(Γ) is a random variable and:

E(λ(Γ)) =
∫

X
pΓ(x)λ(dx).

Given λ s.t. E(λ(Γ)) is defined (e.g. take Lebesgue measure if X ⊂ Rd)), Vorob’ev expectation
can be introduced.

Definition A.4 (Vorob’ev expectation). Assuming that E(λ(Γ)) < ∞, the Vorob’ev expectation
EV (Γ) of a random set Γ is defined by:

EV (Γ) = {x ∈ X , pΓ(x) ≥ α∗} = Qα∗ ,

where α∗ determined by
E(λ(Γ)) = λ(EV (Γ)), (A.2)

or by
∀α > α∗ λ(Qα) ≤ E(λ(Γ)) ≤ λ(EV (Γ)).

if (A.2) has no solution.

Example A.3. Let Γ = B(0, R) a random closed centered ball in X = Rd (for the || · ||2 norm)
with a random radius R being an integrable random variable. We have

EV (Γ) = B(0,E(Rd) 1
d ).

Proof. • d = 2 : The mean volume of Γ is E(λ(Γ)) = πE(R2). The coverage function writes

P(x ∈ Γ) = P(||x||2 ≤ R) = 1− FR(||x||2),

where FR is the cdf of R. The volume of a Vorob’ev quantile of order α is:

λ(Qα) = λ({x ∈ X , 1− FR(||x||2) ≥ α})
= λ({x ∈ X , ||x||2 ≤ F −1

R (1− α)})
= λ(B(0, F −1

R (1− α))
= πF −1

R (1− α)2.

Then, λ(Qα∗) = E(λ(Γ)) gives α∗ = 1− FR(
√
E(R2)) and finally:

EV (Γ) = Qα∗ = B(0,E(R2) 1
2 ).
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• d ≥ 2 : In this case the only difference is the volume of the hypersphere, whose expression is

known and gives a mean volume of E(λ(Γ)) = πd/2E(Rd)
Γfct( d

2 + 1)
where Γfct is the Gamma function.

We still have :
λ(Qα) = λ(B(0, F −1

R (1− α)) = πd/2(F −1
R (1− α))d

Γfct( d
2 + 1)

,

which gives the result EV (Γ) = B(0,E(Rd) 1
d ).

To measure a variability of the random set, comparisons between sets are necessary. One way
to compare sets is to use the symmetric difference.

Definition A.5 (Symmetric difference). For A, B ⊂ X , the symmetric difference is defined as

A∆B = A ∪B −A ∩B.

Then the volume of the symmetric difference λ(A∆B) is a pseudo-distance and can be used
to compare the sets A and B. From this, the Vorob’ev expectation minimizes a deviation, which
defines the Vorob’ev deviation [105].

Proposition A.1 (Vorob’ev deviation). For all borel set M s.t. λ(M) = E(λ(Γ)),

E[λ(Γ∆EV (Γ))] ≤ E[λ(Γ∆M)].

The Vorob’ev deviation V arV (Γ) is then defined as:

V arV (Γ) = E[λ(Γ∆EV (Γ))].

Example A.4. For Γ = B(0, R) ⊂ Rd,

V arV (Γ) = πd/2

Γfct( d
2 + 1)

E
[
|Rd − E(Rd)|

]
.

By removing the assumption λ(M) = E(λ(Γ)), the minimizer becomes the Vorob’ev median:

Proposition A.2 (Vorob’ev median deviation). For all borel set M s.t. λ(M) <∞,

E[λ(Γ∆Q0.5)] ≤ E[λ(Γ∆M)].

The Vorob’ev median deviation V MD(Γ) is then defined as:

V MD(Γ) = E[λ(Γ∆Q0.5)].

Estimation of Vorob’ev expectations and deviations have been studied in [106], [60] and by [20],
[7] for excursion sets.

In the thesis (Chapter 3), one way to perform a SA on sets is to measure inputs impact on these
deviations.

Take-home message on random sets

• Random closed sets are defined as random variables in a space of closed sets.
• Classical expectation of random sets is not practical to use. A commonly used alternative

is the Vorob’ev expectation.
• Through symmetric difference, deviations allow to measure the variability of a random

set.
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A.2 A bit more of random set theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

This part has no direct interest for the rest of the thesis, but provides a justification of the tools
used on random sets. In particular, we present alternative definitions of random set expectations,
and we justify why we chose to use the Vorob’ev expectation. All the following definitions are taken
from [105].

A.2.1 Alternative expectations of random closed sets
The most general definition of the expectation of a random variable X ∈ R is given by E[X] =∫

Ω
X(ω)dP(ω) if

∫
Ω
|X(ω)|dP(ω) < +∞. It is not straightforward to use this definition when X is

a random set.
For simple random variables (i.e., discrete, but with a finite number of values), the expectation is

simply the weighted sum E[X] =
∑

i

xiP(X = xi). The random set counterparts of simple random

variables are called simple random sets, defined as random sets that take a finite number of values.
Applying the previous expectation implies to use a sum between sets. The Minkowski sum is the
most common sum between two sets.
Definition A.6 (Minkowski sum and scalar product). Given two sets A, B ⊂ X , their Minkowski
sum A + B is defined by:

A + B = {a + b, a ∈ A, b ∈ B}.
For λ ∈ R, λA is defined by

λA = {λa, a ∈ A} for λ ∈ R.

With this sum, the expectation of a simple random closed set Γ of values (γi)i can be defined as

E[Γ] =
∑

i

γiP(Γ = γi).

Example A.5. Let Γ = B(0, R), where P(R = r1) = p and P(R = r2) = 1 − p with r1, r2 ≥ 0.
Then, we have

E[Γ] = B(0, pr1 + (1− p)r2) = B(0,E[R]).
This is easily shown by relying on the result that the Minkowski sum of two centered balls of radius
r1 and r2 is the centered ball of radius r1 + r2. This is shown using the triangle inequality for one
inclusion and writing x = r1

r1 + r2
x + r2

r1 + r2
x for the other inclusion.

This expectation can be extended to random sets that are the limit of simple sets, with the
Debreu expectation.

A.2.1.a Debreu Expectation
Before defining the Debreu expectation, we need to define the limit of sets, which requires a metric
definition. Since the previously introduced volume of the symmetric difference is not a metric (but
only a pseudo-metric), the Hausdorff metric is preferred.
Definition A.7 (Hausdorff metric). The Hausdorff metric (or distance) between two subsets γ1,
γ2 of a metric space (X , δ) is defined as:

dH(γ1, γ2) := max
{

sup
y∈γ2

δ(γ1, y), sup
x∈γ1

δ(x, γ2)
}

= max
{

sup
y∈γ2

inf
x∈γ1

δ(x, y), sup
x∈γ1

inf
y∈γ2

δ(x, y)
}

.
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Then we say that Γ = lim
n→+∞

γn iif dH(γn, γ) −→
n→+∞

0 and a random set is called Hausdorff
approximable if it is an almost sure limit for the Hausdorff metric of simple random sets.

Definition A.8 (Debreu expectation). For a Hausdorff approximable random convex bounded
closed set Γ = lim

n→+∞
Γn where (Γn) is a sequence of simple random set of values F n

1 , ..., F n
k(n)

with probabilities pn
1 , ..., pn

k(n), then the Debreu expectation of Γ is :

ED(Γ) = lim
n→+∞

pn
1 F n

1 + ... + pn
k(n)F

n
k(n). (A.3)

Example A.6. For Γ = B(0, R), where R is a positive integrable continuous random variable, we
have

ED(Γ) = B(0,E(R)).

Proof. Let Rn be a sequence of simple random variables with values rn
1 , ..., rn

k(n) and probabili-

ties pn
1 , ..., pn

k(n) such that Rn
a.s.→ R (which exists, for example take rn

k = k

2n
if k

2n
≤ R <

k + 1
2n

for k = 0, 1, 2, . . . , 2n − 1, with pn
k = 1

2n
). We have B(0, Rn) a.s.→ B(0, R) for the Haus-

dorff metric as dH(B(0, R), B(0, Rn)) = |R − Rn|. So by denoting Γn = B(0, Rn) the simple
random set of values B(0, rn

1 ), ..., B(0, rn
k(n)) with probabilities pn

1 , ..., pn
k(n) we can compute the

Debreu expectation of Γ which is ED(Γ) = lim
n→+∞

k(n)∑
j=1

pn
j B(0, rn

j ). First we compute
k(n)∑
j=1

pn
j B(0, rn

j ):

k(n)∑
j=1

pn
j B(0, rn

j ) =
k(n)∑
j=1

B(0, pn
j rn

j )

= B(0,

k(n)∑
j=1

pn
j rn

j )

= B(0,E(Rn))

The closure doesn’t change the set as it’s already a closed ball. Finally B(0,E(Rn))→ B(0,E(R))
for the Hausdorff metric as E(Rn)→ E(R).

Definition A.8 implies an approximation of Debreu expectation by a computation of the minkowski
sum of Equation (A.3) for a high n. In terms of estimations, if the space X is discretized in
{x1, ..., xN}, it implies the computation of k(n)N classical sums, which is a lot.

The previous expectation requires that the random set be convex and Hausdorff approximable.
An alternative expectation that doesn’t require these assumptions is called the selection expectation
(and coincides with the Debreu expectation for Hausdorff-approximable and a.s. weakly compact
convex random sets [105]).

A.2.1.b Selection expectation
The selection expectation is much easier to define, but more complex to interpret. It requires the
definition of selections first.

Definition A.9 (Selection). A random variable X ∈ X is called a selection of Γ if X(ω) ∈ Γ(ω)
for almost all ω ∈ Ω. The family of all selections is denoted S(Γ).
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Definition A.10 (Selection expectation). The selection expectation ES [Γ] of Γ is defined as

ES [Γ] = {E(X), X ∈ S(Γ) ∩ L1},

i.e., as the closure of the set of all expectations of integrable selections.

Example A.7. For Γ = B(0, R) where is a positive integrable random variable, we have

ES(Γ) = B(0,E(R)).

Proof. X is a selection of Γ iif
||X|| ≤ R almost surely.

We have then
∀X ∈ S(Γ) ||E(X)|| ≤ E(||X||) ≤ E(R),

which means that {E(X), X ∈ S(Γ) ∩ L1} ⊂ B(0,E(R)). Finally as B(0,E(R)) is closed, we have
ES(Γ) ⊂ B(0,E(R)).

Reciprocally for any x ∈ B(0,E(R)), X = R
x

E(R) is a selection of Γ as ||X|| = R
||x||
E(R) ≤ R and

we have E(X) = x so x ∈ {E(X), X ∈ S(Γ)} ⊂ ES(Γ).

This definition is simple and useful for theoretical proofs. It also verifies a strong law of large
numbers (see [105]), which more or less says that for high N

ES(Γ) ≈ 1
N

N∑
i=1

Γi

where (Γ1, ..., ΓN ) is an i.i.d. sample of Γ. This might seem easy to estimate if we forget that the
sum is a Minkwoski sum. For example, if X is discretized by {x1, ..., xn}, then the Minkwoski sum
requires nN classical sums to compute, which is a lot.

In this part we have presented two alternatives of random set expectations, but they both lack a
reasonable estimation cost. Moreover, they don’t present classical deviations, i.e., quantities that
are minimized at the expectation and which then allow to measure the random set variability. For
these reasons, we only consider the Vorob’ev expectation in Chapter 3.
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B
Appendix of chapter 2: Proofs and additional plots

B.1 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

B.1.1 Proof of Lemma 2.1
Lemma 2.1. Let γ1, γ2 ∈ L (X ), we have

δ(γ1, γ2) = ||1γ1 − 1γ2 ||
2
L2(X ) ,

and
δ(γ1, γ2) = 0⇔ γ1 = γ2 λ-almost everywhere.

Proof.
δ(γ1, γ2) = λ(γ1∆γ2)

=
∫

X
1γ1∆γ2dλ

=
∫

X
(1γ1∪γ2 − 1γ1∩γ2)dλ

=
∫

X
(1γ1 + 1γ2 − 21γ1∩γ2)dλ

=
∫

X
(1γ1 − 1γ2)2dλ

= ||1γ1 − 1γ2 ||
2
L2(X )

δ(γ1, γ2) = 0⇔ ||1γ1 − 1γ2 ||
2
L2(X ) = 0

⇔ 1γ1(x) = 1γ2(x) for λ-almost every x ∈ X
⇔ γ1 = γ2 λ-almost everywhere.
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B.1.2 Proof of Proposition 2.1
Proposition 2.1. The function kset : L ∗(X )×L ∗(X )→ R defined by

∀γ1, γ2 ∈ L ∗(X ), kset(γ1, γ2) = e− λ(γ1∆γ2)
2σ2 ,

is symmetric and positive definite for any positive scalar σ, which means that kset is a kernel.

Proof. The proof is similar as the one of Lemma 2.1. in [8] but is recalled and adapted here.
Let α1, ..., αn ∈ R and γ1, ..., γn ∈ L ∗(X ). Let’s show that

n∑
kl

e− λ(γk∆γl)
2σ2 αkαl ≥ 0.

First let’s use Lemma 2.1 to write:

n∑
kl

e− λ(γk∆γl)
2σ2 αkαl =

n∑
kl

e−

∣∣∣∣1γk
−1γl

∣∣∣∣2
L2(X )

2σ2 αkαl.

Then we use the Bochner-Milos theorem (Theorem 1.1 of [64]), which says that there exists a
random variable G ∈ L2(X ) such that

∀f ∈ L2(X ), E(ei〈f,G〉L2(X )) = e
− 1

2 ||f ||2
L2(X ) .

This allows to derive :

n∑
kl

e− λ(γk∆γl)
2σ2 αkαl =

n∑
kl

e−

∣∣∣∣1γk
−1γl

∣∣∣∣2
L2(X )

2σ2 αkαl

=
n∑
kl

Ee
i〈

1γk
−1γl√
2σ

,G〉L2(X )αkαl

= E
n∑
kl

e
i√
2σ

〈1γk
,G〉L2(X )αke

− i√
2σ

〈1γl
,G〉L2(X )αl

= E

∣∣∣∣∣
n∑
k

e
i√
2σ

〈1γk
,G〉L2(X )αk

∣∣∣∣∣
2

≥ 0.

B.1.3 Proof of Proposition 2.2
Proposition 2.2. The kernel kset is bounded and measurable from L ?

2 (X ) = L ?(X )×L ?(X ) to
R.

Proof. kset is clearly bounded by 1. In term of measurability, we are studying the measurability of
kset with respect to the two Borels σ-algebras B(L ?

2 (X ), δ2) and B(R, |.|) with δ2((γA
1 , γA

1 ), (γB
2 , γB

2 )) =
δ(γA

1 , γB
1 ) + δ(γA

2 , γB
2 ). As δ : L ?

2 (X ) → R+ is a distance on L ?(X ), it is a continuous function
from L ?

2 (X ) to R. kset is then continuous as exp is continuous. Finally the continuity of kset

implies measurability as we are working in two Borel σ-algebras.
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B.1.4 Proof of Proposition 2.3
Proposition 2.3. The kernel kset is characteristic.

Proof. The proof is based on the Proposition 5.2. of [181] which is recalled here with our notations.

Proposition B.1. Let P be a Polish space, H a separable Hilbert space, T a measurable and
injective mapping from P to H, and ϕ the Laplace transform of a finite Borel measure ν on [0, +∞)
such that ν 6= 0 and supp (ν) 6= {0}. Then, the kernel k on P × P defined by

k (x, x′) := ϕ
(
‖T (x)− T (x′)‖2

H

)
, (x, x′) ∈ X 2

is integrally strictly positive definite with respect to M(X ).

Using the previous Proposition, we will show that kset is integrally strictly positive which is a
sufficient condition to be characteristic (see Theorem 7 in [160]).

To apply the Proposition, we first introduce the notation,

F ?
bin = {f ∈ L2(X ) : ∃γ ∈ L (X ) such that f = 1γ λ-almost everywhere}.

We want to apply the proposition with P = L ∗(X ), H = L2(X ), ϕ(·) = exp(− ·
2σ2 ) and T

defined by
T : L ?(X ) −→ F ?

bin ⊂ H
[γ]δ 7−→ [1γ ]2 ,

where [·]δ and [·]2 denote equivalence classes in L (X ) and Fbin respectively. We need to show that
L ∗(X ) is Polish, that L2(X ) is a separable Hilbert space, and that T is measurable and injective.

• Let’s first show that is T a well-defined measurable and injective mapping from P to H:
– T is well-defined and in the same time injective as for any γ1, γ2 ∈ L (X ),

[γ1]δ = [γ2]δ ⇔ δ(γ1, γ2) = 0
⇔ λ(γ1∆γ2) = 0
⇔ ‖1γ1 − 1γ2‖L2(X ) = 0
⇔ [1γ1 ]2 = [1γ2 ]2 .

– T is measurable (with respect to the Borel σ-algebras B (L ?(X ), δ) and B
(
F ?

bin , || · ||L2(X )
)
)

because it is continuous as it is an isometry from
(
L ?(X ),

√
δ
)

to
(
F ?

bin , || · ||L2(X )
)
.

– Let us show that T is also surjective which will be useful later on. Let [f ]2 ∈ F ?
bin .

There exist γ ∈ L (X ) such that f = 1γ λ-almost everywhere which implies that ||f −
1γ ||L2(X ) = 0 i.e. [f ]2 = [1γ ]2 = T ([γ]δ).

• L2(X ) is a separable Hilbert space as X is compact so separable.
• Let us now show that L ∗(X ) is Polish i.e. a topological space homeomorphic to a separable

complete metric space. Luckily, as T is a surjective isometry, it is an homeorphism from
L ?(X ) to F ?

bin which is a metric space. Then, it only remains to prove that F ?
bin is both

complete and separable.
– F ?

bin ⊂ L2(X ) which is separable so F ?
bin is separable.
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– As L2(X ) is complete, having F ?
bin closed is a sufficient condition for F ?

bin to be com-
plete. Let us show then that it is closed. Let 1γn

L2→
n→+∞

f with γn ∈ L (X ) ∀n. The
L2 convergence implies that there is a sub-sequence (1γφ(n))n that converges almost ev-
erywhere pointwise to f (as stated in Theorem 3.13 of [140]). It means that there exists
a λ-null set N s.t. ∀x /∈ N , 1γφ(n)(x) →

n→+∞
f(x). As 1γφ(n)(x) is a sequence of 0 and

1, we have that its limit, f(x), belong to {0, 1}. So, f = 1f−1({1}) λ-almost everywhere
and f−1({1}) ∈ L (X ) as f is measurable. So f ∈ Fbin . F ?

bin is thus closed.

Thus kset is integrally strictly positive definite with respect to M(L ∗(X )), the set of signed
measure on L ∗(X ), which implies that it is characteristic.

B.1.5 Proof of Proposition 2.4
Proposition 2.4. With the previous notations, we have

E
(
̂̂HSIC (UA, Γ)−HSIC(UA, Γ)

)2
≤ 2

(
2σ2

1
n(n− 1) + 4(n− 2)σ2

2
n(n− 1) + L2σ2

3
m

)
,

where

• σ2
1 = V ar

((
KA

(
UA, UA

′)− 1
)

kset(Γ, Γ′)
)
,

• σ2
2 = V ar

(
E
[(

KA

(
UA, UA

′)− 1
)

kset(Γ, Γ′)|(Γ, UA)
])

,

• σ2
3 = E

[(
KA

(
UA, UA

′)− 1
)2 Var

(
1Γ∆Γ′(X)|(UA, UA

′, Γ, Γ′)
)]

,

• L = λ(X )
2σ2 ,

and where (UA
′, Γ′) is an independent copy of (UA, Γ).

Proof. Let f(u, z) = g(u)h(z) with g(u) = (KA (u1, u2)− 1), h(z) = e− λ(X )
2σ2 z, and let Φ(x, γ1, γ2) =

1γ1∆γ2(x). Let us have i.i.d. samples (U (i)
A , Γ(i)), i = 1, ..., n of (UA, Γ) and (X(1), ..., X(m)) of

X ∼ U(X ). We denote

H = HSIC(UA, Γ) = E[f(U , U ′,E[Φ(X, Γ, Γ′)|(Γ, Γ′)]],

Hn,m = ĤSICu (UA, Γ) = 2
n(n− 1)

n∑
i<j

f(U (i)
A , U

(j)
A ,

1
m

m∑
k=1

Φ(X(k), Γ(i), Γ(j)),

and
Hn = 2

n(n− 1)

n∑
i<j

f(U (i)
A , U

(j)
A ,E[Φ(X, Γ(i), Γ(j))|(Γ(i), Γ(j))]).

First we split the risk into two terms:

E|Hn,m−H |2 ≤ 2E|Hn−H |2 + 2E|Hn−Hn,m |2

The first term is the variance of a classic U-statistic of order 2:

E|Hn−H |2 = 2σ2
1

n(n− 1) + 4(n− 2)σ2
2

n(n− 1) .

The second term can be developed:
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E|Hn−Hnm |2 = 4
n2(n− 1)2

 n∑
i<j

n∑
p<l

E (Eij − Eij,m) (Epl − Epl,m)

 ,

with
Eij = f(U (i)

A , U
(j)
A ,E[Φ(X, Γ(i), Γ(j))|(Γ(i), Γ(j))])

and
Eij,m = f(U (i)

A , U
(j)
A ,

1
m

m∑
k=1

Φ(X(k), Γ(i), Γ(j)).

As X(1), ..., X(m) are common to each Eij,m, the terms Eij,m and Epl,m are not independent even
if i, j, p, l are pairwise distinct. We can still bound them but we will lose one order of convergence
in m. We first have

|E (Eij − Eij,m) (Epl − Epl,m)| ≤ (E |Eij − Eij,m|2 E |Epl − Epl,m|2) 1
2 (B.1)

=
(
E |E12 − E12,m|2

)
(B.2)

≤ L2

m
E
[(

KA

(
UA, UA

′)− 1
)2 Var

(
Φ(X, Γ, Γ′)|(UA, UA

′, Γ, Γ′)
)]

,

using Cauchy-Schwarz inequality in (B.1) and that h is L-lipschitz. Summing each term, we obtain

E|Hn−Hnm |2 ≤
L2

m
E
[(

KA

(
UA, UA

′)− 1
)2 Var

(
Φ(X, Γ, Γ′)|(UA, UA

′, Γ, Γ′)
)]

.

Putting all results together, we get

E|Hn,m−H |2 ≤ 2
(

2σ2
1

n(n− 1) + 4(n− 2)σ2
2

n(n− 1) + L2σ2
3

m

)
.

B.1.6 Convergence rate in the case of Independent m sample

If an m-sample X
(k)
ij is drawn independently for each (i, j), we can obtain an asymptotic rate of

O( 1
n

+ 1
m2 ). Indeed in (B.1) we use the independence between (X(k)

ij )k and (X(k)
pl )k for i, j, p, l

pairwise distinct:

|E (Eij − Eij,m) (Epl − Epl,m)| = |E (Eij − Eij,m)E (Epl − Epl,m)|
= |E (E12 − E12,m)|2

Then by applying Taylor’s theorem (with Lagrange remainder) to h with a = E(Φ(X, Γ(1), Γ(2))|(Γ(1), Γ(2)))

and b = 1
m

m∑
k=1

Φ(X(k), Γ(1), Γ(2)), we have the existence of θ ∈ R+ such that,

E12,m − E12 =
(
KA

(
UA, UA

′)− 1
)

(h(b)− h(a))

=
(
KA

(
UA, UA

′)− 1
) [

h′(a)(b− a) + h′′(θ)
2 (b− a)2

]
.
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Then we take the expectation and use the tower property and we use that Monte Carlo estimators
are unbiased (i.e. E(b|(Γ(1), Γ(2))) = a) which leads to

E(E12,m − E12) = E [E(E12,m − E12|UA, U ′
A, Γ, Γ′)]

= E
[(

KA

(
UA, UA

′)− 1
)
E
(

h′′(θ)
2 (b− a)2|UA, UA

′, Γ, Γ′
)]

.

Then, as h′′ is bounded by L,

|E(E12,m − E12)| ≤ L2

2m
E
[∣∣KA

(
UA, UA

′)− 1
∣∣Var

(
Φ(X, Γ, Γ′)|(UA, UA

′, Γ, Γ′)
)]

,

which finally leads to

|E (Eij − Eij,m) (Epl − Epl,m)| ≤ L4

4m2 σ4
4 ,

where
σ2

4 = E
[∣∣KA

(
UA, UA

′)− 1
∣∣Var

(
Φ(X, Γ, Γ′)|(UA, UA

′, Γ, Γ′)
)]

.

If i = p or i = l or j = p or j = l, we lost the independence so we use the previous result that

|E (Eij − Eij,m) (Epl − Epl,m)| ≤ L2

m
σ2

3 .

There are n(n− 1)(n− 2)(n− 3)
4 i, j, p, l pairwise distinct with i < j and p < l so we finally

obtain that,

E|Hn,m−H |2 ≤ 2
(

2σ2
1

n(n− 1) + 4(n− 2)σ2
2

n(n− 1) + L22(2n− 3)σ2
3

n(n− 1)m + L4(n− 2)(n− 3)σ4
4

4n(n− 1)m2

)
= O( 1

n
+ 1

m2 ).

B.2 Additional plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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U1 U2 Up Ur1 Ur2 Ur3

KSob 5 95 55 0 75 90
KSob 5 100 60 0 75 95
KSob 15 95 55 0 65 95
KSob 10 95 55 0 65 95
KSob 5 100 55 0 70 95

(a) Acceptance rate (%) over 20 independence tests
with a risk of 5%

SHset
i

U1 U2 Up Ur1 Ur2 Ur3

0.00

0.25

0.50

0.75

KSob

Kgauss

Kexp

K3/2

K5/2

(b) Estimations of ˆ̂
SHset

i

Figure B.1: Acceptance rate (a) and estimation of ˆ̂
SHset

i (b) for the excursion set Γ(g1,g2) computed for 5 kernels with
n = 100, m = 100 and repeated 20 times
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SHset

Ti

U1 U2 Up Ur1 Ur2 Ur3

0.00

0.25

0.50

0.75

1.00

KSob

Kgauss

Kexp

K3/2

K5/2

(a) Γg1

SHset

Ti

U1 U2 Up Ur1 Ur2 Ur3

0.00

0.25

0.50

0.75

1.00

KSob

Kgauss

Kexp

K3/2

K5/2

(b) Γg2

SHset

Ti

U1 U2 Up Ur1 Ur2 Ur3

0.0

0.2

0.4

KSob

Kgauss

Kexp

K3/2

K5/2

(c) (Γg1 , Γg2 )

SHset

Ti

U1 U2 Up Ur1 Ur2 Ur3

0.00

0.25

0.50

0.75

1.00

KSob

Kgauss

Kexp

K3/2

K5/2

(d) Γ(g1,g2)

Figure B.2: Estimation of the total-order indices ˆ̂
SHset

Ti
for the oscillator case computed for 5 kernels with n = 100,

m = 100 and repeated 20 times
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0.0

0.2

0.4

U1 U2 U3 U4 U5 U6 U7 U8 U9 U10 U11 U12 U13 U14

ΓF1

ΓF2

(ΓF1 , ΓF2)

Figure B.3: Estimation of ˆ̂
SHset

i for the excursion sets Γf1 , Γf2 and the pair (Γf1 , Γf2 ) with −q1 = 420 N.m and
q2 = 7% computed with the Sobolev input kernel and with n = 100, m = 100. 20 replicates.
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C
Appendix of chapter 3: Alternative Vorob'ev-based
indices

In Chapter 3 we propose the Vorob’ev-based index

SV
i = 1− E [VMD(Γ|Ui)]

VMD(Γ) .

It is inspired by Sobol’s indices. But to get the result of Proposition 3.1 that SV
i lies between 0

and 1, we had to define SV
i as 1 minus the total index associated with the indices −i, and use the

Vorob’ev Median Deviation instead of the Vorob’ev deviation. Indices that correspond directly to
Sobol’ indices (i.e., as part of the variance of the conditional expectation) can also be defined as
the Vorob’ev deviation of the conditional Vorob’ev expectation:

S̃V
i = V arV (EV (Γ|Ui))

V arV (Γ)

= E[λ(EV (Γ|Ui)∆EV [EV (Γ|Ui)])]
E[λ(Γ∆EV (Γ))] .

or of the conditional Vorob’ev median:

S̄V
i = V MD(Qi

0.5)
V MD(Γ)

= E[λ(Qi
0.5∆Q0.5(Qi

0.5))]
E[λ(Γ∆Q0.5(Γ))] .

In this case, however, we have not been able to show that the indices are less than 1, even though
numerical tests seem to verify it. The difficulties arise mainly from the fact that, unlike the classical
case of random variables, we don’t have either

EV [EV (Γ|Ui)] = EV (Γ)
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nor
Q0.5(Qi

0.5) = Q0.5.

Even if we can show that they are less than 1, their estimation is much more difficult due to the
presence of the Vorob’ev median or expectation of a conditional median or expectation.
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Appendix of chapter 4: On-seq-SA algorithm
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Algorithm 7 EFISUR with chained SA steps on acquisition functions: On-seq-SA
1: Fix a number of maximum SA steps
2: Design of Experiments (DoE) in the joint space X × U : D(t) = {(xk, uk), k = 1, . . . , t}
3: Calculate simulator responses: f (t) = (f(xk, uk))t

k=1 and g(t) = (g(xk, uk))t
k=1

4: while t ≤ maximum budget do
5: Fit GPs of f and g: F

(t)
(x,u) and G

(t)
(x,u)

6: Calculate Z(t)
x and C(t)

x

7: k ← 0 and xt+1
A ← ()

8: while (k < number of maximum SA steps) and dim(xt+1
A ) < d do

9: Estimate HSIC(Xi, EFIZ(t),C(t)(X−A, xt+1
A )) and pXi for i ∈ −A with Xi ∼ U(Xi).

10: Screen the xi: A′ = {i ∈ −A, pEF I
Xi
≤ αI} and fix the others randomly at x−(A∪A′)

11: xt+1
A′ = arg max

xA′ ∈XA′

EFIZ(t),C(t)(xA′ , xt+1
A , x−(A∪A′))

12: xt+1
A∪A′ ← (xt+1

A , xt+1
A′ ), A← A ∪A′ and k ← k + 1

13: end while
14: Set xt+1 = (xt+1

A , x−A)
15: k = 0 and ut+1

B = ()
16: while (k < number of maximum SA steps) and dim(ut+1

B ) < m do
17: Estimate HSIC(Ui, S(xt+1, U)) and pS

Uj
for i ∈ −B with Uj ∼ PUj

18: Screen the Uj : B′ = {j ∈ −B, pUj
≤ αI} and fix the others randomly at u−(B∪B′)

19: ut+1
B′ = arg min

uB′ ∈UB′

S(xt+1, uB′ , ut+1
B , u−(B∪B′))

20: ut+1
B∪B′ ← (ut+1

B , ut+1
B′ ), B ← B ∪B′ and k ← k + 1

21: end while
22: Set ut+1 = (ut+1

B , u−B)
23: Calculate simulator responses at the next point

(
xt+1, ut+1)

24: Update the DoE and t← t + 1
25: end while
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E
Appendix of chapter 5: Additional numerical results

E.1 Additional Sensitivity Analysis plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0

0.2

0.4

0.6

X 1 X 2 X 3 X 4 X 5 X 6 X 7 X 8 X 9
X 10

SA
classic
TSA
CSA

Figure E.1: Classic, target and conditional HSIC on the design inputs for f10
Glob and g10

Glob. Boxplots are obtained with
20 repetitions.
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0

0.2

0.4

U 1 U 2 U 3 U 4 U 5 U 6 U 7 U 8 U 9
U 10

SA
classic
GO

Figure E.2: First order HSIC of sets on the uncertain inputs for f10
Glob and g10

Glob. Boxplots are obtained with 20
repetitions.
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0.6

X 1 X 2 X 3 X 4 X 5 X 6 X 7 X 8 X 9
X 10

SA
classic
TSA
CSA

Figure E.3: Classic, target and conditional HSIC on the design inputs for f10
Loc and g10

Loc. Boxplots are obtained with 20
repetitions.
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0

0.1

0.2

0.3

0.4

0.5

U 1 U 2 U 3 U 4 U 5 U 6 U 7 U 8 U 9
U 10

SA
classic
GO

Figure E.4: First order HSIC of sets (goal-oriented and not goal-oriented) on the uncertain inputs for f10
Loc and g10

Loc.
Boxplots are obtained with 20 repetitions.

0

0.1

0.2

0.3

0.4

X 1 X 2 X 3 X 4 X 5 X 6 X 7 X 8 X 9
X 10

SA
classic
TSA
CSA

Figure E.5: Classic, target and conditional HSIC on the design inputs, zoomed around the optimum, for f10
Loc and g10

Loc.
Boxplots are obtained with 20 repetitions.

157



Ap
pe

nd
ice

s
Ap

pe
nd

ice
s

Ap
pe

nd
ice

s
Ap

pe
nd

ice
s

Ap
pe

nd
ice

s
Ap

pe
nd

ice
s

Ap
pe

nd
ice

s

E.2 Complete screening tables of Off-seq-SA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Budget allocation X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

100 + 10× 10

1 1 0 0 0 0 0 0 0 0
1 1 0.05 0.1 0.1 0.05 0.1 0.1 0.2 0.15
1 1 0.05 0.15 0.25 0.1 0.05 0.1 0.1 0.15
1 1 0.2 0.2 0.1 0 0.15 0.2 0.15 0.4
1 1 0.15 0.25 0.1 0.05 0.15 0.25 0.1 0.65
1 1 0.25 0.25 0.1 0.1 0.1 0.2 0.15 0.75
1 1 0.3 0.25 0.2 0.2 0.1 0.25 0.1 0.85
1 1 0.3 0.4 0.1 0.15 0.2 0.15 0.3 0.95
1 1 0.4 0.25 0.05 0.2 0.2 0.1 0.3 1
1 1 0.45 0.2 0.1 0.1 0.45 0.2 0.1 1

100 + 10× 10 - seqSA

1 1 0 0 0 0 0 0 0 0
1 1 0.1 0.1 0.15 0.15 0 0.05 0.1 0.15
1 1 0.15 0.1 0.1 0.3 0.05 0.05 0.2 0.2
1 1 0.2 0.15 0.2 0.2 0.1 0.05 0.1 0.2
1 1 0.1 0.3 0.15 0.25 0.1 0 0.1 0.4
1 1 0.15 0.2 0.1 0.15 0.05 0.1 0.05 0.5
1 1 0.25 0.05 0.15 0.15 0.1 0 0.15 0.55
1 1 0.15 0.3 0.15 0.15 0.1 0.05 0.2 0.6
1 1 0.3 0.1 0.1 0.05 0.2 0.1 0.2 0.8
1 1 0.5 0.15 0.1 0.2 0.15 0.15 0.15 0.95

150 + 5× 10

1 1 0 0 0 0 0 0 0 0
1 1 0.05 0.1 0.1 0.05 0.1 0.3 0 0.15
1 1 0.1 0.2 0.1 0.05 0.05 0.25 0.15 0.25
1 1 0.15 0.15 0.05 0.15 0.2 0.25 0.1 0.4
1 1 0.15 0.2 0.1 0.1 0.15 0.1 0.15 0.8

150 + 5× 10 - seqSA

1 1 0 0 0 0 0 0 0 0
1 1 0.15 0 0 0.15 0.05 0.1 0.05 0.1
1 1 0.1 0.05 0.05 0.1 0.1 0 0.1 0.1
1 1 0.15 0.1 0.2 0.15 0.1 0 0.15 0.35
1 1 0.1 0 0.1 0.1 0.1 0.15 0.25 0.6

Table E.1: Screening results of the X’s on 20 runs for Off-seq-SA algorithm with a SA step every 10 iterations for f10
Loc

and g10
Loc.
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Budget allocation U1 U2 U3 U4 U5 U6 U7 U8 U9 U10

100 + 10× 10

0.7 1 0.15 0 0 0 0.1 0 0 0.05
0.85 1 0.4 0.15 0.05 0.25 0.35 0.15 0 0.4
0.75 1 0.35 0.3 0.25 0.15 0.15 0.2 0.1 0.55
0.75 1 0.3 0.05 0.3 0.2 0.25 0.15 0.15 0.4
0.85 1 0.15 0.25 0.3 0.15 0.25 0.25 0.1 0.35
0.85 1 0.35 0.15 0.25 0.2 0.35 0.1 0.2 0.4
0.85 1 0.2 0.3 0.1 0.25 0.25 0.1 0.15 0.4
0.85 1 0.2 0.1 0.15 0.2 0.3 0.15 0.15 0.7
0.85 1 0.3 0.15 0.1 0.1 0.25 0.05 0.05 0.7
0.85 1 0.2 0.2 0.1 0.15 0.1 0.15 0.15 0.6

100 + 10× 10 - seqSA

0.8 1 0 0 0 0.05 0.15 0 0 0
0.6 1 0.25 0.25 0.1 0.15 0.2 0.15 0.15 0.1
0.6 1 0.2 0.2 0.25 0.3 0.15 0.25 0.35 0.05
0.8 1 0.3 0.4 0.2 0.3 0.15 0.15 0.25 0.15
0.85 1 0.35 0.4 0.15 0.35 0.15 0.15 0.4 0.1
0.95 1 0.2 0.4 0.25 0.2 0.3 0.15 0.3 0.25
0.95 1 0.4 0.2 0.3 0.2 0.15 0.1 0.4 0.35
1 1 0.45 0.25 0.25 0.3 0.2 0.1 0.2 0.3
1 1 0.2 0.4 0.15 0.15 0.2 0.15 0.15 0.5
0.95 1 0.4 0.2 0.25 0.15 0.1 0.15 0.15 0.5

150 + 5× 10

0.9 1 0.05 0 0 0 0 0 0 0.05
0.85 0.95 0.25 0.1 0.05 0.1 0.25 0.15 0.25 0.35
0.9 1 0.35 0.15 0.2 0.1 0.4 0.2 0.25 0.3
0.85 0.95 0.35 0.1 0.2 0.25 0.05 0.05 0.2 0.2
0.85 1 0.35 0.2 0.15 0.15 0.25 0.15 0.3 0.1

150 + 5× 10 - seqSA

0.85 1 0 0.05 0 0 0 0 0 0.1
0.85 0.9 0.35 0.2 0.3 0.15 0.2 0.3 0.3 0.15
0.85 1 0.3 0.15 0.4 0.3 0.3 0.15 0.25 0.15
0.75 0.9 0.2 0.2 0.25 0.1 0.35 0.35 0.3 0.3
0.9 1 0.15 0.35 0.3 0.2 0.35 0.2 0.35 0.15

Table E.2: Screening results of the U ’s on 20 runs for Off-seq-SA algorithm with a SA step every 10 iterations for f10
Loc

and g10
Loc.
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Figure E.6: Data profiles of all algorithms f10
Loc and g10

Loc with nine goals and with 50 iterations for 20 runs associated to
different initial lhs design.
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Analyse de sensibilité pour l’optimisation bayésienne de boîtes noires coû-
teuses sous contraintes et sous incertitudes. Analyse de sensibilité d’en-
sembles aléatoires.

Résumé : Cette thèse explore l’utilisation d’outils d’Analyse de Sensibilité (AS) dans le cadre de l’optimi-
sation bayésienne contrainte de boîtes noires coûteuses, en présence d’incertitudes. Ces entrées incertaines
complexifient grandement l’optimisation et la rendent propice à des simplifications. Des approches d’AS
permettent alors de quantifier l’influence des variables incertaines et de réduire la dimension du problème.
L’impact des entrées incertaines est mesuré par une AS des ensembles d’excursion du problème d’optimi-
sation. Pour ce faire, trois approches distinctes d’AS pour des sorties ensemblistes sont développées. La
première repose sur des méthodes à noyaux et adapte en particulier le HSIC en introduisant un noyau sur
des ensembles. La deuxième propose des indices « à la Sobol », reposant sur des concepts issus de la théorie
des ensembles aléatoires. La troisième approche utilise des indices dits universels, conçus pour s’adapter
à tout type d’espace de sortie. Ces trois méthodes permettent non seulement de quantifier l’impact des
entrées incertaines sur les ensembles d’excursion, mais ouvrent également le champ de l’AS aux modèles
ensemblistes. Des étapes d’AS sont ensuite intégrées à un algorithme d’optimisation bayésienne robuste
appelé EFISUR. Ces étapes permettent de sélectionner les entrées les plus influentes et ainsi de réduire la
dimension à différentes étapes de l’algorithme. Cela entraîne une réduction significative du coût de calcul,
rendant l’algorithme plus adapté à la grande dimension.

Mots clés : Analyse de sensibilité, optimisation robuste, HSIC, ensembles aléatoires, réduction de di-
mension, noyau, optimisation bayésienne, krigeage.

Sensitivity analysis for black-box Bayesian optimization under constraints
and in presence of uncertainties. Sensitivity Analysis of random sets.

Abstract : This thesis explores the use of Sensitivity Analysis (SA) tools in the context of constrained
Bayesian optimization of expensive black-box functions in the presence of uncertainties. These uncertain
inputs greatly complicate the optimization process, making it prone to simplifications. SA approaches
then allow to quantify the influence of uncertain variables and reduce the dimension. The impact of
uncertain inputs is measured by SA on excursion sets of the optimization problem. To achieve this, three
different SA approaches for set-valued outputs are developed. The first is based on kernel methods, in
particular adapting HSIC by introducing a kernel on sets. The second proposes Sobol-like indices based on
concepts from random set theory. The third approach uses so-called universal indices, which are designed
for any type of output space. These three methods not only quantify the impact of uncertain inputs on
the excursion sets, but also extend the scope of SA to set-valued models. The SA steps are then integrated
into a robust Bayesian optimization algorithm called EFISUR. These steps allow the selection of the most
influential inputs, thereby reducing the dimension at different stages of the algorithm. This results in
a significant reduction in computational cost, making the algorithm more suitable for high-dimensional
problems.

Keywords : Sensitivity analysis, robust optimization, HSIC, random sets, dimension reduction, kernel,
Bayesian optimization, kriging.

Image en couverture : Kernel embedding of random sets : Are tomatoes and carrots shapes related ? Images from [72,80].
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